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Abstract

This volume is a cOflection of the unclassified papers presented at the Third

-Symposium on the Plasma Sheath-- Plasma Electromagnetics of Hypersonic Flight.

This symposium consisted of the review of progress in reentry communication
studies -during-the three year period-since-the prior meeting. The program of this
symposium on opasma electromagnetics of hypersonic flight involves a wide range

bf-scientific-disciplines, including electromagnetics, aerodynamics, aerothermo-1 chemistry, plasma dynamics, electronics, and high-temperature phenomena. The

papers were selected to explore as many of these facets of research, including the

results-of-laboratory,- flight, and system tests, as time permitted.
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WPreface

This ;rolume is a collection of the imclassified papers pre-

sented at the Third Symposium on the Plasma Sheath - The Plasma

Electromagnetics of Hypersonic Flight. The three day meeting,

which examined the effects of ionized flow fields on the transmisoion,

re ception, and diffraction of radio waves from aerospace vehicles,

was held in Boston, Massachusetts on September 21, 22 and 23, 1965,

under the sponsorship of the Micrcvave Physics Laboratory-of the

Air Force Cambridge Research Laboratories, Air Force Office

of Aerospace Research.

The term Plasma Sheath has been defined in the two prior

symposia and through technical usage as an envelopc of ionized

gas that surrounds a space vehicle as it reenters the vtmosphere

at hypersonic velocities. Related topics which were cousidered

to be within the scope of this symposium include other types of

ionized flow fields, such as the exhausts of chemical, electrical,

and nuclear rocket prcpulsion devices and the wakes of reentry

vehicles. Also, the hypersonic velocities which may be attained

during launch and guided flight of high-performance missiles and

spacecraft-give rise to similar ionization effects as the reentry

plasma sheath. These ionized flow fields can all cause perturbation

V5.
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or blackout ot space-to-gro'imd radio links and, therefore, are of

concern in the design of aerospace communications, telemetry,

reconnaissance, ard electronic countermeasure syitems. The

related topics of radar cross-section and detectability of reentry

bodies and-their wakes were deliberately excluded from major con-

-; sideration- since theae subjects are adequately treated in other

i speciaUzed meetings.

F A major goal of the Third-Plasma Sheath Symposium was the

-: -review of-progress-in reentry communication studies during the

4 three year-period- since the prior meeting. Several experimental

reentry programs of the military and space agencies were initiated

and brought to peak activityin this interval. Examples of these

-rocket programs include the-Air Force's Advanced Ballistic Reentry

_ {:--Systenrws (ABRES) tests, flight studies of hypersonic lifting reentry
vehicles under the Air Force's Projects ASSET and START and

NASA's Project FIRE, and specific tests of reentry communication

t chniques under the Air Force's Trailblazer II flight program and

NASA's Project RAM. These teats have demonstrated many

important principles of reentry communication systems design,

- including the advantages of the higher microwave frequencies and

~F
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of chemical additives, and the development of techniques for optimum

antenna design and location. Several other approaches for reducing

reentry signal attenuation, such Ls techniques which use strong magnetic

fields or electron beams, have been studied extensively in the laboratory,

but have not yet been fully simulated or flight-tested. The substantiation

of these techniques has been aided through the development of shock and

wind tunnel facilities which permit realistic simulation of reentry conditions.

iTheoretical and laboratory programs have also advanced such topics as

the radiative properties of plasma-covered antennas, nonlinear inter-

actions of plasmas with high-power-rr..crowave signals, and non-equilibriun

flow field calculations. However, the requirements of ballistic missile

systems and manned space flight programs demand an even further

increase in reentry communication and related research.

The program of this symposium on plasma electromagnetics of

hypersonic flight involves a wide range of scientific disciplines, including

electromagnetics, aerodynamics, aero-thermochemistry, plasma dynamics,

electronics, and high-temperature phenomena. The papers-were selected-

to explore as many of these facets, of research, including the reoits

of laboratory, flight, and system tests, as time permitted.

I'
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The papers presented in the ivarious sessions are

r~tported in the Symposium Proceedings. This consists of

two separate sets of Air Force Cambridge Research Laboratories

reports. The claoxified papers from the final session on Flight

Tests and Alleviationi Techniques-are in a report which has

already been distributed. Requests for additional copies of

this SECRET document by agenwies of the Department of Defense,

their _roiiactors, and ,Iother Government Agencies should be

directed to the Defense Dociizienatilon Center, Cameron Station,

-Alexandria, Virginia, 2Z3i4. In ordering, Report Number

AFCRL-66-608 (Special Reports- 053, Aug 66) should be referenced.

These present-reports contain the unclassified papers fron:% the

other sessions. The papers are nat precented in the same order

as at'the Symposium, although the papers in each section treat

related topics. In addition. to assist the reader who is intereated

in the complete Proceedings, the unclassified titles and abstracts

of the papers in the classified report are included here.

We wish to express our-sincere thaniks to those personsI

who helped to organize -the cymaposlum: to the members of the

Technical-Paper Committee, including Paul -hbor.Tiedr Sns
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and Robert Ri whauer, who unetook thi difiult task of

Dr. Roinayne F. Whitmer, Dr. Glen Pippert;-to Mr. Charles E.

Ellis. Symnposium~ Director; and to Miss Alice Cahill for

secretarial assistance.

Walter Rotrnan

Howard Moore

Robert Papa

John Lennon
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1. A STUDY OF THE MICROWAVE PROPAGATION CHARACTERISTICS OF A

MODEL ENGINE EXHAUST USING A GELLED METALLIZED LIQUID FUEL

R.E. Compton, Jr.
Electronics Department

Martin Company, Martin-Marietta Corporation
Denver Division
Denver, Colorado

This report describes a series of microwave attenuation

measurements that were performed on an 11.6% scale model of an

improved Titan II engine. The model engine burned Alumizine- and-

nitrogen tetroxide and was fired into the atmosphere at an

I 'altitude of 6100 feet.

A microwave diagnostic scheme was utilized to determine

the electron- density and collision frequency of the exhaust plume

at the exit plane and on axis of the- exhaust. Measurements were

]recorded simultaneously at 16 and 21 Gc and the resulting atte-n-

uations in the order of 25 db were used to compute the plasma

properites. Results of the measurements show that the free-

electron density and collision frequency are an order of magnitude

higher than those results measured on a- full scale, Titan II

sustainer engine which uses similar liquid fuels without additives;

The addition of powdered aluminum to a liquid propellant

engine creates a higher exi t temperature and a gas-particle exhaust

medium that is ionized to a high degree. Test results verify that

high performance propellants increase the severity of microwave

propagation throulh the exhaust plume. The improved Titan II plume

characteristics are compared to other liquid and solid propellant

rocket engines.

4-a
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c CU) ANALYSIS OF COMMUNICATIONS ATTENUATION DATA FOR
BLUNT AND SLENDER REENTRY VEHICLES IN FLIGHT

R. H. Edeall
P. E. Bisbing

F. H. Numerich
General Efectria Company
Philadelphia, Pennsylvania

The attenuation of communications signals transmitted

frio reentry vehicles in flight is assumed to be attributable

to rhe effects of ionization formed in the flow field surrounding

the %ehicle. Theoretical analyses of hypersonic flow are given,

including both viscous and inviscid flow regions. The effects

of chemical nonequilibrium and heat shield contaminants are

included in the analysis of flow field ionization. Nonequili-

Sbii n effects are found to predominate at high altitudes. On

-- he1-other hand' the -ionization in the flow field surrounding a

slender vehicle at low altitudes is very strongly affected by

the ablating heat shield material. The presence of alkali

-etals in- trace quantities can significantly enchance the

ionization -relative-ta its corresponding level in pure air.

The attenuation of communications signals by the

reentry induced plasma is treated theoretically by considering

the problem of the interaction of plane electromagnetic waves -I
with a one-dimensional non-uniform plasma. nis approach is

used in a general parametric study, since it is not subject

to the geometry of the transmitting system. Parametric results

have been obtained by numerical integration of Maxwell's

equations through the plasma profiles obtained from the flow

field studies, applying the required boundary conditions.

-t _ _. _,
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The results indicate in general that blunt vehiclea are pre-

dominantly affected by the volume electron density in the

shock layer; i.e., blackout occurs whenever the shock layer

ionization is overdense. On the other hand, for the slender

vehicles the plasma may be treated as a thin sheet, in which

the surface density of electrons determines the propagation

parameters. The latter result is a consequence of the fact

that the flow field ionization is confined to a fraction of

the thin viscous region (boundary layer) near the vehicle

surface.

Experimental data from ballistic missile flights

involving both slender and blunt reentry vehicles are analyzed.

In the blunt body category, signal attenuation and ionization

probe data from the Mark 6 are analyzed. Signal attenuation

-, data for the RVX-2A vehicle ate also analyzed. The slender

vehicles included for analysis of flight data are REX, WAC,

RMV, and TVX. In general, it is found that the important

qualitative and quantitative characteristics of the theory

are verified by the results of the flight experiments. In

particular, it is found that the use of a non-ablating conical

body reduces the signal attenuation to a negligible amount,

for ICBM reentry conditions.

I
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I. ANALYSIS OF PLASMA-SHEATH ELECTRON DENSITY
MEASUREMENTS AT ENTRY VELOCITIES

William L. Grantham

Experimental results are given of a flight test

designed to measure the electron density in the flow field of a

hypersonic vehicle. A comparison is made of the flight measure-

ments with- nonequilibrium flow field calculations in order to

assess the applicability of the flow field theory. The microwave

reflectometer technique used to make the measurements is presented

with attention given to measurement accuracy and resolution capa-

bility.

The experimental payload discussed was launched from

the NASA-Wallops Station, April 10, 1964, and achieved a maximum

velocity of 18,13- ft/sec during the ascending portion of the

flight. A thiee-frequency microwave reflectometer system in the

payload measured the plasma-sheath electron density and standoff

distance at discaete locations along the body. A heat-sink

type-of nose cone vas used to keep the plasma free of ablation

products during the data period.

;I!--
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IV. AN EXPERIMENTAL FEASIBILITY STUDY OF INJECTANT MATERIALS
TO ALLEVIATE MARS ENTRY COMMUNICATIONS BLACKOUT*

Arnold J. Kelly
Jet Propulsion Laboratory, California Institute of Technology

* Pasadena, California

A number of Mars lander mission profiles currently

under consideration involve atmospheric braking and require that

continuous communication be maintained with the spaceraft. For

these missions to be successful therefore, requires that some

means be provided to reduce the debilitating effects of shock

produced ionization (expected to occur early in the entry

maneuver) upon the fixed frequency telemetry signal.

An experimental program has been initiated to establish

the feasibility of using appropriate materials$ injected into

the spacecraft wake, as a means of reducing the free electron

density level sufficiently to eliminate its interference with

telemetry. It has been determined that the flow conditions

(pressure, temperature, electron density) anticipated behind the

bow shock of a blunt Martian entry body can be accurately simulated

by the plume from an energetic (Ducati type) arc.

Four such arcs, operating simultaneously in our vacuum

facility, provide a large (-50 cm dia), uniform plume. Immersed

in this plume, its upper surface parallel and contiguous with the

centerline of the plume, is an aerodynamically "clean" flat plate,

through which various electron-capture materials are injected into

the str -m. The electron density profile existing down stream of I

-I



__ -this plate, with and without the presence of injectants, is

-~ ~ -4-ter-adned by the use of a swinging microwave diagnostic arm.

This microwave system, operating at a frequency of 24 GCPS,

-monitors electron densities in the range of 1 to 7 x 1012 =_

- - with a spatial resoluticis of-4 cm.

U~fI7Electron density profiles data are obtained at
- several downstream stations for various inJectant materials.

-From these-initial tests it is possible to make estimates of

the relative -efficacy of the species used.

The results are classified anao, therefore, the paper

should bia presented at the classified se.5sion.

-This work-presents the results of one phase of research
carried-out -at tho-Jet Propulsion Laboratoryt, CaliforniaInstitute of Technology, under Contract No. NAS7-lOO, sponsoredby the National Aeronautics and-pace Administration. .z4

4
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V. DEPLETION OF FREE ELECTRONS DUE TO
WATER INJECTION INTO HYPERSONIC

FLOW FIELDS

I.E. Beckwith and D.H. Bushnell
NASA - Langley Research Center

The recults of the RAM B2 flight test of the effect of

water injection on radio attenuation (NASA TM X989) are analyzed

for electron depletion mechanisms. The mean concentrations of

water droplets (or ice particles) in the flow field, as required

in the analysis, are based on correlations d.f maximum spray

penetration obtained from wind tunnel tests (NASA TMX-989).

The initial mean droplet diameters are computed from correlations

for cross-current breakup of liquid jets in airstreams (NACA TN 40S7).

A quasi-one-dimensional theory for the mean droplet motion and

evaporation is described briefly and used to compute flow conditions

and species concentrations downstream of the injection site. The

analysis is limited to injection from the side ports of the

RAM B2 vehicle.

Both equilibrium and finite rate homogeneous reactions are

considered. In the equilibrium case, the only ionic reactions of

any importance were the formation of NO+ and GH-. The free elec-

tron concent-rations were generally below the critical value for

VHF transmission (about 7 x 10 electrons per cm3 ) at a distance

of one foot downstream from the injection site as computed on the

basis of equilibrium reactions.

Since equilibrium conditions are unlikely at the low

densities encountered, the assumption of finite rate ionic reactions

i!! i
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-should be mnoe realistic. The concentrations of neutral species

were assumed the same as for the equilibrium calculations and the

only ionic reaction used was

N + 0 NO + e-

with the finite reaction rate coefficients taken from the data of

i~n and Teare. Electron depletion due to this reaction was

insufficient to account for the observed signal recovery even with

Ii the considerable cooling effect due to water evaporation.

This result suggests that heterogeneous ionic reactions

(that is, those reactions that take place at or near the surface

of the-dr*plats) must have been responsbile for the observed

I effect of water injoction. In the analysis of these possible

heterogeneous reactions, the detailed mechanisms involved uere not
considered. The mini&um water flow rates, inJected during the fight

test, were used to evaluate a factor which is considered to be the

radius of an effective cross-section area for electron depletion

ssociated with the individual droplets. The application of this

factor, as derived from the RAM B2 results, to predicting

injection flow requirements under other conditions ;A considered.

i
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~.(U) GEMINI REENTRY COMMUNICATIONS EXMERIMENT _

NASA - Langley

This presentation~ will discuss a flight experiment in

which water was injected from a Gemini spacecraft into the

reentry plasma sheath to reduce the attenuation of RF comn-

munications and thereby inoree.ze the strength of the signals

received at ground stations. Three different flow rates were

pulsed into the flow field between the altitudes of 270 K ft.

and 200 K ft. and effects on three frequencies, VHF Voice

(296.8 mc), UHF TM (230.4 mc) and C-b*and (5690 me) were

observed. The origin, development and description of the

- experiment will be reviewed. A brief discussion of studies to

determine penetration and flow requirements and to predict

-- antenna patterns in the reentry plasma will be presented.

Flight signal strength results will1 be analyzed as a function

of water flow rate and aspect angle. Comparison will be made

_ of measursd with predicted antenna patterns and flow rates

required to produce signal recovers.
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VI. EFFECTS OF WATER DlROPLETS ON REENTRY PLASMA SHEATHS

Shelby C. Kurzius and Roy Ellison
AeroChem Research Laboratoz'ien, Inc.

Princeton, New Jersey
*a -subs idiary of Pfaudler Permutit Inc.

Experimental studies of the effects of water sprays

on suppressing ion ai.1 electron concenZrAtiorss in seeded low-

pregsure combustion plasmas have-been made to determine the

mechanism by which witer sprays are effective in restoring

communications with blacked-out reen,,Py vehicles. These

stut-ts were pirfo 'med in hydrogen-hydrocarbozi-air flames at

pressures of f rom 10 to-100 Torr. L- an d ion mass-

spectrometric probes were employed to measure total ion and

electron densities and to identify- individual positiVe -and

negative ion species. Large decreases in plasma free electron

cuncentrations were observed upon introducing water sprays to

the plasmas studied. Th,.ise decreases liavik F.eh iown riot to

involve -water vapor. Attachment processes nvolvinj droplets

are similarly not involved in the mechanism--nor are negative

ions. The results are compatible with a rapid re-.omb-.nation

process involving droplets as stickj third bodies.* Experimental

observations of the effect of varying the mean droplet size and

droplet concentration .on enhanced recombination rates are

interpreted in terms of theoretical predictions and the implica-

tions Qf these experiments to the alleviation of attenuation

levels e~perienced in communications made through reentry plasma

sheaths are discussed.
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I. WAVEGUXDE ADaTTAMCE FOR RADIATI2N IWD r-LAM LAIM

THEORY AND EXPRDIMT
by

Jenis Galejs and Mcheel H. IYtoni

Applied Research Labor.cory
Sylvania Electroni. Systems

A Division of Sylvania Electric Products, Inc.
Walthe., Massachusetts 0154

ABSTRACT

.L..mxred admittance of an X-band wav*gmide radiatIng into dielectric and

plasm layers is cmpared with variationally ccoputed admittance figures.

The wavegide sdattterce measurements for polystyrene sheets of varying

thickneces compared closely with calculations. The admittance is computed

first by nsosing the principal iaveguide mode and second by using a super-
position of sine and shifted cosine vves as trial functions for aperture

fields. Although the uperture fields arm-shivn to differ sikiificantly in

the two cases, the computed admittance date are.nearly the same because of

the stationary character of the admittance expression.

The a&Wttance measurements for plama layers are made during the

diffusion controlled afterglow of a pulsed disharce contained in a bell-

shaped vessel. Thin Teflon sheets are used to confine the plasm layers to

an approxivate size oi 5x5x 3/4 inches. The electron density of the p'umm

profile is eased by Leu zfr prckes at varlos times during the afterglow.

The plasm density was aeasured over approximtely 70 percent of the thicadess

of the plasm layers, and nima found to be nearly eonstant in this range Vhich

excluded regions near the bounary. Numerical solutions of the equations for

ambipolar diffusiou during -the aftorgla in a rectangular Seametry show that

the lateral p.asm density variations are negligible In the vicinity of the

aveguide. The measured admittance and plasm density data are shown to

agme with calculations made for hcogeneous plasm& layrs, if a correction

is made for elevated ion te&pWratures for times of apgoxrimtely 10 to 20 ps

following the discharge. Several copaptational models consider plasma

stratifications near the boundary of the plum layer but they do not improve

the agreement between measurement and calculAtions.

NI
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Researcb Report No. 451

WAV MUIDE AM(M CE FOR RADIATION 33M PLASMA LAYERS

=RT AND EXPERD W

by

Janis ftleju and Michael H. Mentzoni

In past slot jntenn masurements in the presence of the lan sheath

[Cloutier and Baebynaki, 1963] there have been no attempts to correlate

- mevi4d pedances or reflection coefficients with theoretical calculations

because of the lack of a suitable theoretical models. The analytical techniques

for ciutina the admittance of slots radiating into layered plasas have been

Sdvelop -recently-for isotropic plasma that can be represented as a simple

Sdielectric-of-a-relative dielectric constant of less than unity [aleJs 1964,

416%aau b;_ ileniuve, 1965). This paper will attempt to correlate the above

- theorical Impedance calculations with laboratory measurements. The simplest

masurements are possible with slots radiating into dielectric layers and

S after reiewing the theory in section 2, such measurements will be described

in section 3. Mj experimental setup used for generating a plasma layer will

be discussed in section 4. In section 5 the measured admittance figures will
be coprdwithcaultos

2. * HflI OF TEMY

Wr artional expressions have been derived for the slot admittance of

vaeguides radiating into plasma layers. The final expressions involve a

~ I double mution (GaleJs 1965.1, when enclosing the plams. layer by a large

-rectangalar waveguide, or an Infinite double integral for a plasma leyer that

I, not bounded laterally [Villeneuve, 1965; Glejs, 1965b). Both fcrmulations

have been shown to become equivalent with Inftreasing size of the large waveguide.

. -A
I:
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IM No. 4~51

Thle slot admittance is ccoputed as a function of the aperture fields of the

vaveguide. Mihe trial function for tb& fields and vaveguide aperture is ansimed

I to be a superposition or the sine and shifted cosine waves.* For a rectangular

vaveguide aperture which is nuatrical, with respect to this x and y coordinaze

axis the trial functions are of the for%

fA(x,y) G sink(Ixli.)] 1

B(x)P) 1 -cos(ixjJ)]

where k is an arbitrary parameter and 25 is the length of the aperture. The

amplitudes of 'the trial functions follow from the variational fornulation and

it is possible to compute ah approximation to the field distribution in the

vayepguide aperture in terms at (1) and (2).

It is also possible to assume the principal vve~udda *ode an the apeitC=4

fields.

IMpedance calculations will be reported using both the two-term trial

functions (1) and (2) or the principal waveguide mode as the aperture fields.

3 IJDAICE FOR DIELUCTlIC LAYM -;;

Impedance measurements are simplest to carry out for dielectric layers. -

At the same time this provides a nan-trivial check of the theoretical develop-

ments. The presence of surface waves for dielectric layers-of >1

causes additional singularities in tbft integrands of the admittance expression

knd the nuaerical evaluation of the -Integrals using a constant mesh- size

approximation can be expected to be less accurate than in the plas case

1 1 (4p/40 < 1) where there are no surface waves.

4,. he admittance of an X-band vepziude radiating Into plasma sheath of

I' varying thickness d Is shown in Figure 1. 7b nassurements are made with a

$1 wVIeguide of aperture length xi and width y*In the computational models
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(aslejs, 1965&1 the dielectric layer is assumed to be enclosed lateralky by

a large Waveatide of inside dimensions of x aad yo. The calcrlaations for

this ante nna geometry are made first with the Principal avegulde mode as the

electric aperture fields and also for a tvo-term trial function using the

sae alue of k. (k a 0.625 ko, k u The two sets of calculations
00

ee closioly except for sheath thicknesses of approximately 0.5 ca. The
aperture field distribution which is c mputed ith a tvo-tors trial function

is shown in Figure 2. It exhibits significant deviations from the principal

avegutide mode. The field distribution is nearly triangulAr for d - 0.5 ca,

where the two sets of Impedance computations shown in Figure 1 differ most.

Th Impedaice calculations have been repeated also for k - k in the trial

functions. These Impedance computations do not differ frcis those with

k -0.625 k0, but there arem'nor differences in the computed field distribut-

ions although the same basic trend of the fields are observable. There are
Rsubstantial deviations of the fields from those of vhe principal vaveguide

mode in the aperture. Hoever, due to the stationary character of the adaitt-

anee expressions the principalvaveguide mode can be used as aperture fields

for impedance calculations.

4. LADORATOYET KM~TION UP' A PLASM LAWE

_xl perimental Arrangement
The plasm-covered slot antenna was simulated in a bell jar vacuu

system as indicated in the diagram of Fig. 3. The X-bad aveguide has a Nis

vacuum window and is inserted through a vacum seal at the base of the bell jar.

This-system could be pumped down to a pressure of about 10 " torr before filling

-- it with helium* gas of tank-grade quality. Aluinum blocs of 8 x 3/4 x 3/4 in.

-M Aron was used-initially, but it required approximately three times lowerWtfflpressure for achieving a breakdown and hence it vas more susceptible to
system Impurities.

INI

Md
-A_
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were placed on top of the jzwer teflon sheet approximately 5 inches apart in

a direction parallel to the short dimension of the rectangular Vaveguide

opening. A plasa layer syntetrcal with respect to a tisecting plane parallel

to the ground plane is required for obteining a predictable ambipolar diffusion

profile. To achieve this, a teflon sheet was place- on top of the electrodes.

This sheet aso served as a suPprt for & double lanmdr probe during electron-

densityI measurements. Figure 4 shows a photograph of the bell jar and of the

associated microwave circuitry. A photograph of the operating discharge is

shown in Fig. 5. A teflon strip surrounds the electrodes in order to further

cont:Ie the discharge to the space between electrodes. The plasmL layer iF

generated in a bell jar during an active 2 psec discharge and it declines

thereafter according to the rate of electron removal fro the afterglow. Both

the electron density and the slot admittance were measured independently during

the time follovwin, the active discharge.

4.2 Ianmuir Probe Measurements

Electron and lon number densities and electron tetperatures were I
measured as a function of time using a double Ihnwuir probe. The probe, shown

in Fig. 6, consists of two 1 mu tungsten wires mounted 5 = apart. The wires

are beaded with pyrex glass and have polished planar collecting areas flush

with the glass. To provide rf shielding the beaded wires are enclosed by a

5/8" pyrex tube, gold plated on the inside surface. All the external circuitry

of the probe was housed in a Faraday cage. The probe, which was removed during

antenna admittance measurements, was placed directly cpposite to the vaveguide

aperture at various distances from it.

In reducing the douole probe data the Equivalert !'esistauze Method described

_by Johnson and N'lter [1950] was utilized. Me nuber, density of the positive

ions, n+, is given as

n4 const. (ip/A)(M/T+)1(3

- ( -
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21r P pstv auaincrenA efciecletn ra
x-ionic mass, OA T - ionic temperatures. 7he electron density can be

computed onl hn us-urltyi am an th io te~rt~ an
maas is known. Our measurmnts shoved that the log i vs volts&e plot is

-~ p
linear. In this case the electron distribution is )bxwellian and the electron

teMatre, T~ can be evaluated [Johnson and WS3ter, 9].Also tile electron-

atas accentun transfer collision frequency, Iles has been evaluated fromi pub-

lisbad cross-sectioun data. 7he contribution to the total collision frequency

caused by electron-ion collisions v.is small because Te is high for high

electron-ion. densities and v e- T e 1 5 [xentzoni, 1965.

Mhe double TAnmir probe measurements yielded generally ulkanbiguoizsI
probe characteristics with a surprisingly flat saturation curve-and sharp

'knees" as shova in Fig. 7 from which the values of tpand vwere cratputed.

~i~The scattering of experimental points shown in the figure is typical for most

of the measurements. The electron energy in the early portion of tile after-

glow vas quite high ranging from 4i to about 8 eV depending upon discharge

current density. At 8 eV and p = .9 torr thle electron e-llision frequencyv

in elumis .5x 09sec1 yielding a typi.cal rao vA .05for frequencis4 in the X-band.

-1A typical electron density profile is shown in Fig. 8. The electron
density is shown to be approximately constant for distances exceeding 1/8 in.

from the Insulating layer confining the discharge. No measurements were made

for closer distances.

The variations of the electron dersity profile in the lateral direction

have been estimated by solving the diffusion equation for the anbipolar case -
In discharge afterglw for the rectangular volume becuseen the electrodes and

teteflon plates (Vkenttzoni, 19631. The electron density Is nearly constant

over apyr-xinu~ely 80 ;ercent or zhe area and the electron density gradient
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appears to be negligible in the direction parallel to the- aperture glawe in

the vicinity of the slot.

1 4.3 Admittance Feasurements

'ihe vaveguide admittance vasn Nessured in the absence of plasm with

standard slotted line techniques. A balanced microwave reflectowter bridge

was used for the plasma aeasurements. A typical reflectameter output signl

is showm in Fig. 9. %1ne bridge is balanced to produce zero output in absence[

of plasm, and the output approaches agail zero as electron density cf the

:1* discharge decays.L

The discharge vas ignited 500 times per second. Using a pul.sed

signal. that Is triggered from a variable delay line at a time r following the

discharge, it is possible io display the reflectcmeter output at this time r.

I After rebalancing the reflectcmeter with the aid of a precision attenuator and I
phase shifter the attenuation and phase shift settings along vith the reflection

~Icoefficients that have been emputed in the absence of plasm give the required

inputs for an impedance calculation.

It follows frcm the theory of a hcoogencous plasm layer that the conduct-

ance of the slot is decreased arA %hat the susceptance becms more inductive

vith an increasing density of the plasm* (increasing plasm frequency w~ or

decresi1n d~electric constant t.,). Miese cbp.uga are monotonic with increas-

Ing plasm density. In the experimental set-UP Shown in Fig. 3 it is necessary

to have -n insulating plate to isolate the discharge frcs the stoud plane and

also a second dielectric plate is required to limit the thickness of the

I plasm layer. The effects of these dielectric layers are illustrated for[

twvo sets of conditions in ?tg. 10. An increasing e3,ectric thickness of the

£topplate tends to change the shape of the aftittance curve Even Lmcre narked
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-chnnges havv bwen observed by increasing the electrical thickness of the

botto pate: a 1/8 inch thick pyrexglass sheet (ad/to - .52) "uses an

-Incram-e of both tl. conduciaae and of the Vgnitude of the susceptance an

a " decreaed from 1.0 to 0.6. It is obviously desirable to keep the

the aae acattance behavior as for a pls m layer vi tbout the diel.ectric

plates. Sheets of 15 and 31 ml teflon ( 2d/a° , 2.08) were caeleted as the

bottom and top cover plates of the plasm layer. M=- effects of ple-

stratification have been -xained for the for geoetries shown in -ig. U1.

Measured plasma profiles shoved en essentially constant plasm Oensity for

distances exceeding 1/8 in. from the dielectric bondsries, but there wr'

no measurments made at closer distances. e as density will taper off

near the boundaries and the get<etries shown in Fig. 11 were exaned as

possible approximations to this taper. The caepardcons include a hioogeneous

pla layer of , a plasm layer of the sam total thickness but with a

-02. in. boundary layer of (go + .)/2 or and a plasm layer with 0.05 in,

boundary layer of " . he corresponding asittance data are shown in Fig. 12.

7he decreasing vlas density near the dielectric boundaries increases the

eonductivity sligitly, but it affects susceptance wcre significantly. The

susceptance increases particularly for a larger discontinuity near the

boundary (Model 3 of 0.1 inch boundary layer of )

Thmeasured admittance date are shown in Fig. 13 togetber with the

Model I of the hmogeneous plasm layer, but the tapered plasm mdels vould

not improve the ageement with measurements. The solid dots are all cmputedIith T+ 30 o . The two experimental points corresponding to the smallest

vablxes of 4i represent meesurements made 10 and 20 microseconds after initiating

the discharge. If these measurements are corrected for ion tesqexatures of

I
i:B
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2000 and 600or respectively the circles are obtained which yield good agree-

_ment both for C and B. Such elevated ion temperatures in the early discharge

afterglev are not uzruesoimble.

Tere i3 a fair agreeant between the theory and the experixiz.al data.

This theoretical vork does not account for the reflection% caused by discharge

electrodes, reflections from the bell Jar or for the finite size of the ground

plane. In view of these uncertainties it is not expected to achieve a better

agreement between measure~nts and theory uning the present experimental

procedure.

-7.
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II, ADMITTANCE OF A PLASA-COVERED .'LINDRICAL ANTENNA *

G. fleltz, P. J. Freyheit, and C. D. Lustig

Sperry Hand Research Center, Sudbury, Mass., 01776, U.S.A.

Abstract

Based on a variational formulation, an expression is derived for the

admittance of a circumferential gap in an infinite cylinder covered by a

set of coaxial dielectric or plasma layers. The 1jap is fed by the dominant

TEN utode in a narrowly-spaced, parallel-plate, radial waveguide. Numerical

computations are presented for a multiple-layer model of a lossy plasma'and

for a dielectric layer which supports surface waves. These computations

are compared with admittance measurements of a similarly excited metal cylinder

surrounded by an annulcr plasma. The plasma is produced in a long double-
wall cylindrical vessel by a pulsed d-- discharge in argon at 0.4 Torr. In
the experiment, the radial guide is excited by a small axial probe fed by

a conventional coaxial air line. The admittance viewed in the coaxial line

is related to the gap admittance by an experimentally determined two-port

network representing the Junction region. The measurements are in fair

agreement with calculated values based on a three-layer model of the inhorio-

geneous plasma and the discharge tube.

mI

*The paper presented at the Third Plasma Sheath Symposium by
G. Meltz, P.J. Freyheit, and C.D. Lustig "The Admittance of a32Plasma-Covered Cylindrical Antenna" has been extensively modified '

by the authors. Due to the modifications the authors have requested
that this paper be presented only in Abstract. Intetesed readers are
referred to B J Science Vel. 2 (New Series), No. 2, Febriiary 1967,

pp. 203-224 for th'. complete version of the paper.I2
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172. RADIATION PAMTES AND ALmnTANCE OF AN AXIAL ST
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I ODUCTIM

The admittance characteristics of three types of slotted-cylinder

antennas are considered, namely, the long axial slot, the finite axial slot,

and the gap antenna "aacked by a short-circuited radial cavity.

Moot of the present effort is confined to a study of the long slot on

the cylinder. This was done because the computational requirements are not

too severe, yet the results should be indicative of the trends eyqerienced

by finite apertureo in a reentry environment. Systemtic coupW;ations of

the admnittance per unit length are made for various coating conditions.

Firet, the case of no coatina is considered, and results are cared

with those for identical slots on flpt ground planes. SecorA, the special

case of the plasma resonant ( W W p, - 0) coating is awJyzed to deter-

mine whether or not n measuremcnt of the input admittance at resonance wvii

yield diagnostic information. Finally, the case of a general coating is

treated to ascertain the ,ffects of losses and plasm inhmoeneities an

the admittance.

L-4676
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Me exterior portion (if finite apartures on coated rc7lind ame not

too difficult to analIyze but can lead, to conutatior-al difficulties, oveu

in the far field iftere au)'n1ytotic ei.Umaions may oe made to alixplify the

field expressions. In the nea field, nio such expansions are alloved;

therefore, timae coptational reqifrementx of the external admittance are

wre severe. Yurthazvore, the size of the cylinder chosen for the present

anbalysis (based on adaptability to feed with the slotted line) was so large

that additinal1 diffit.ulties were introduced into the comptations due to

The worr on tU large cylinder includos specific ccoutations of theI

covnctance for +the uncoated cylinder, and experintal results for both

coated and uncoW~sd cylinders. Adndttance esy?-easioas for the coatedI cylinder am~ gien and prelinivary calculat ions of the conductance are

discussed. Zxperimaental &an theoretical results for radiation petternsI

-, we also dis.usd.

Finally, the gpp antenna, backed by a sbort circuited radial cavity

and fed by a current element st the periphery is briefly discucsed. Bpe-

cefic coatAtions of the impedance for the case of no coating are made,

ad expmrsions -ith coating are given.

TH~E 3X~r amOR ~ A CMD CYUMD

11 ,,e geometry of the structure considered Is shown in figure 1. A long

elv.-tric field which is uniform along the axis, edacross the slot, and I
'dtdch a ries in tim a3 e+Jc". The structure is coated with a dielectric,

w!Aose comlex Index of refraction, N may vary In the radial direction. j1
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The tangential fieldsj It and at any point exterior to the

cylinder are described by a Fourier series in azi=th, i.e.,

F~(p~5) ~ ~p~e ~(:b)

Note thit equations (1) ae independent of the axial coor."-Ate, and

that the modal coefficients H;(p) and 2(p) depend only eoi the

radial coordinate. These coefficients are deterzined by a straightforiard

application of the boundary conditions (appendix II).

The complex power per unit length radiated fron the aperture is found

by integrating the radial coonent of the Poynting veitor across the slot,

i.e.,

, [~o2 0 12

" 04o/2 0/a 2 - . f (2)

The substitution of equations (1) into equation (2) gives

p2 X- 
-

3ta xa V sF=6 3

Vhich is nothing more than Parsawl's theorem in cylindrical coodites. ]1
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The external or rad dmttan is defined b(k)

IY 1 '
zo is the a ied potentil across tl S.ppose, noav that the

'Lot is fed by a pez-alal-plate wveguift excited in the TEH mode. It in 4

Stet ll. bioer modes are negligible so that N o the onl co-

poncut of tazngiti1* electric field across tbn aypotum, wnd ig of the form

If the slat Is ga M ientIl' thin, then 2 and dj 'a a doS. There-

fore the following transfora pair exsts:

a I
%0 ~2= ,4.7) (6b)

I&

Rvng specified the electric field at the aperture, the external admit-

tance uw be coisptm.

NO COM

If the enteuma radiates ±-'to free space, the norutlized external

adLdttance per unit length as &ariyed in appendix I i.

r(2 (7)

Equation (T) was prograd o electronic cuter a results were

obtained for two cylind2rs having dilferent gap; vhoue circumference-to-

vaeent ratio raried f '8.i* to 45.4. The results sre given in

I UI
I

I



figure 2. For reference, the admittance of a slot of ths see width on a

flat ground plane as given by Harringto3 is also plotted in figure 2.

To the accuracy with which one cou-A read Harringtons gmraph, the 'a lmit-

tance of the elot on the cylinder throughout the whole -ange of C was

very close to that of a slot on a flat ground plane.

REPIA1O COAT13GI It has been shown (ref. 4) that oany the m - 0 mode is supporteJ at

the p asam renonat condition, N w 0, (a., V 0 0, a~p .' )o therefore,

the radiation patterns of an infinltely long slot (or the equatorial pat-

terns of a finite slot) are circular, regardless of the size of the cylin-

der and thickness of the sheath as long as each are finite. Since the

sudden deformtion of the xrdiation pattern into a circle suggests a

method of diagnosing a reentry plasm, the admittance was also investigated

to determine its behavior at plasm resonance for possible means of dias-

nostics. At the resonant condition, this admittance per unit length

(appendix I) is:

- 2 (8)

Vie results of equation (8) are plotted in figure 3 as a function of C

and W. Ag-In tvo cylinders were chosen with C ranging between 8. end

• 5.IN. Note that for V - 1.00 + c, which corresponds to a vanishing

plsm thickness, the conductance decrfases fro the free-space value by

an order of magnitude. Also, the suscept&nce can change from a largp

capacitative to a ell inductive value or zero when the structure is



: - coted with this resonant plam-. As the plana bcomea thicker, the

4
admittance per unit length approaches zero. This tendency for the adt-

tance to drop at resonance suggests that a measurnt of admittance could

also be used for diagnostics.

The adittance of the &lot has not yet been computed as the index of

refraction increases frou zero to some ll finite valv. However, based

upon calculated changes in the radiation patterns due to a -1l departure

from resonance, 4 one concludes that additional atiithal modes (a - 1, 2, 3,

I etc.) ane rapidly introduiced into the field dependence. at least for C

I ranging between 22.7 and 45.14. As such, one can expect that these modes

-ill alter, perhaps significant]y, the input admittance frcm vhat it is at

resonance; the extent o the alterataon increasing with increasingz C.-

However, for smal C, this alterazion may still. be sufficiently moll to

cause a masurement ot the inpt admittance near and at plam resorAnce

to be a useful plawsma diagenostic tool. This reins to be investigated.

The mthod described by vift5 vas used to analze the slotted cy.-

inder coated ith a dielectric having a coplex Index of refrection. In

this aproach, the waye equaion is nuericas1y integrated thrwih the

"D3i=, thereby avoiding the ccwpitational problen of *Yalmting Bcastan
! Hankel functions of e,-aqd arguments, mhich describe the functional

behavior of the fields wIthn the coating. .u-tber~re, if this met-iod is

used, the case of a coating vhos dilectric properties var radily my

a7 j be treated.

01

I)
I!

° i

[.a
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Using Swift's notation, the normallzed adzittance for either hamo-

geneous or inhomogeneous coatings (cee appendix II for an outline) is:

! -L C~a) ta(a) + Ju..(a)(9
y o o t'(a) + ju'(a) (9

I
where the priwe ildicates differentiation with respect to the radial

Parameter.j

Cauutions of equation (9) arc. plotted in figures 5 and 6 as a

function of complex index of refraction for coating thickness cars-xoding

t bo ('b- a) w 0.25 and a slot width corresponding to &E- 0.25 for

cyiders of size C - J4, 8, and 12. It is important to note thrt the

adaittance is relatively insensitive to variations in C. One Is therefore -

tempted to canclude that the admittance of identical slots on cylinders

and flat ground planes are, for all prectical purpoes, the naae* if C 

and if the lose angle i of the coatIng is between 900 and 180o, and if

the magnitude of I > 1.

TloI field analysis shoas that the electron denfity and collision

frequency my vary considerabl within the Wasma sheath. A typical example

-iuf the distribution along a ncarl to the vehicle is shown in figure 7, and

vs chosen a a coating for a cylinder of pbysical radius 4.152 cm and sa

apertuxe width of 1.016 caT. The admittance was comutel as a function of

the exciting frequency, and the results are given in figure 8. I

*A more general conjecture of this type was suggested during con .sa-

tions with one of t .rte^rs (--) b W. Io-n of AFLM prior to the time |

these extensive coaputations were perf,,rmed.

T hs width corresponds to the vidth of a standard X-band wavep'le. I:

I a

I: -IL
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Nineteen admittance pointo vere ccqited in the frequency interval of

10.0 to .1.8 kma, yet this number vas Insufficient to establish a mooth

curve bicause of anmll-scae fluctatioun. Nonetheless, ccwc interesting

features are revealed. The most striking a-eect occurs in the region of

pa p*s freq~xney (10.76 1=c), vbt-re the condur-tnc decreusea sharplyt5-and macelpance begins to decrease eonotrncally.

costing. At frequancies above resonance, the conductance rises rapidly,

but the su.epance remains relatively constant. A3 the frequency

i ncreases, the adnittance should approah the no costing w3.ues. Belov

resonance, the curves are fluctuating too -uch to suggest any general

conclusiona.

For the types of distributions sho rn in figure 7, the peek plas=

frequency &*= to be a sharp dividing point for the adeittance properties

of slats on cylinder.. Whether this is true ir. gnemre re .nni to be seen.

THE AXIAL ET ON A CGT CnTIKD

The gecmetry is uiovn in figure 9. A vaveguide, excited in the Ti

atode opens onto a cylidrical ground plane, vith the long dizensicn of the

-aveguide parallel to %he axis of the cylinder. Higer-order modec are

neglected in the varepulde, and the slot is assumed to be thin engh so 0

that over the slot EO and ado= d].

Sinte the apertuzs is finite, and since the tangential fields Tary

vith z, the filds are deccribed by contiro.iun zode. in axie and discreteM

:ode in azi=Ah, i.e.,

H~f,~iz)=16f ()c- d&*dh (10M)A f

)
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p %~aAd,z)H(%,O,z)a do dx 112 -ZOl2 J-0012

Using Parseval' B theorem-, equition (11) can be revritten in the folloving

form

~ LI j_ a)L( 1  (12:

Andy the extermi" admittance iaz

1vo12  IV012

If the tangential field is E E the folloving transfor-m Pair elu~ts:

Ffi N-jz 12 cos(Nal (14ia)

The- external! admitum..ce cezn ow be cop~uted using equticis (13) and (l~b)

In COnnectiM~ vlth the gs1 "tion of the bowim-ary.va3ns problem, uthich gives

NO COM 
I

For this case of no coating, the normalized exter-&l conduc-tance and

saceptdnce are

W___
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yoV C + o) I ia

F 1- + 3

where

' g f cos2! kyd' M1 (16a)

'I = y2 -1 cos2(1k)m w 1YT1dy (16b)

k /

flT cos(rdW) {Jm(x)JTm'(x) + YmCx)Ym'Cx)} d (6c

(~ 2  2 E;(2) (x)I 2

Equation (15a) was computed over the X-band range of 6.56 to 13.12 kmc

corresponding to a range .of slot lengths of 1/2 to 1 -avelength for the

TEo mode, and the relu.ts are shown in figure 10. For this range of fre-

quencies and the 13-inch-diameter cylinder used (2a a 13 in.) the parameter

C increates fron 22.7 at k = 0.5 to 45.4 at k 1.0.

As a partial check of the ccuputations, the width of the slot at

k w 0.5 was allowed to approach zero in order to compare the results with

those of Wait (ref. 5) for the thin resonant slot. Tha computations per-

formred here gi v- gv w 0.383 comparecd to Wait's cv 03 . . This

partial check terved as a go-ahead for proceeding with the other cases.
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MaYMMOCIAL EISLTB NO? COATING

The particular size of aperture and range of cylinder size C consid-

ered in most of the computations were chocen with X-band experiments Ir

mind. The cylinder shown in figure 3-1 is 13 inches In diameter and

LA inches long, and is just large enough to contain a Hewlett-Pa.ckard

alotted line. Th~e aperture size is 0. inch x 0.9 inch, vhich corresponds

- to the inner dimensions of a standard RG-52U vaveguide. The short circuit

WE vas realized by placing a small brass plate curved to fit the cylinder our-

face and held in place by a strap. Photographs of the end view shoing the

feed arrangement arnd the measurement setup is shown in figures 21 and 12.

The experimental and theoretical results are shown in figure 13. The

measured and calculated values of the input conductance differ by, at most, E

RL 5 percent. The agreement is sufficiently close to conclude that the effect

of higher-order modes and/or computational errors are negligible for the

large-sized uncoated cylinder used here. Agreement betveen first-order

W theory aid experiment can also be expected to be good for smaller cylinders

w.ith correspondtngly thinner slots.t

~iP~~ThLRESUIIIS - POLY9ILMI COATING

The cylinder used above for the noncoated condition was coated with aI polyethylene coating (representing, elcctricaflv, an ablative coating) of a

quarter-inch thickness, i.e., T - b - a - 0.25 inch, and measurements of-I input waveguide admittance were made. The dielectric constant of this

coating mterial vus first measured over the X-band frequency range to

or- ascertain the correctness of the published value of cr = 2.25. Four

samples were cut out of the polyethylene stock sheet and their dielectric

constant was measured by both the Von-Hippel method and by' directly

EAE
U_ ____
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- I meauring the guide wavelength in a. slotted line completely filled with

:- I the sample material. Both methods of measurement gave an er which was j
. within approximately ±1 percent of the published value of 2.25. This is

within the accuracy of the measurements; thus, one can Justifiably take

the dielectric constant as 2.25 within this accuracy.

The polyethylene sleeve was "heat fitted" on the cylinder so as toI

make a snug fit, and it is estimated that the accuracy of concentricity

of the outer rurface and !nner surface of the dielectric coating was withinI

-0.010 inch. The slip fitting of the dielectric sleeve on the metal cyli,-

der is depicted in the photograph of figure 1)4.j

The measurements of admittance were made in the conventional manner as

with the condition of no coating. To realize the short circuit condition I
and to avoid the necessity of removing the dielectric sleeve and then

replacfng it at each frequency used, the short was first placed on the non-

coated cylinder at each of the frequencies to be used and the frequency j

setting was accurately determined by means of a frequency meter accurate to

within -3mc (Hewlett-Packard Model X532B). These exact frequencies were

then reused with the short removed and the dielectric sleeve in position.

Plots Of gin and bin are shown in figures 15 and 16, respectively.

Measurements were then repeated for four different circumferential

positions of the dielectric sleeve at each of several frequencies, as show.

in table I and figures 15 and 16. The dielectr.c positiont. were separated

by increments of 900 and designated by positions A, B, C, and D as defined f
in table I. It is seen fron figures 15 and 16 that the resultant admit-

tance differ-s ros each position of the diele.'tric even though the frequency
was held constant. This can be attributed to one or both of the following

=
Ia

p

-- _ _.
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reasons: for each position the "effe-ctive dielectric constant" of the

I coating differs due to the approximately ±1 percent deviation In the cir-

cunferential variation of dielectric constant which exists; for eacil posi-

tion the effective thickness of the diele tric cCotng differs due to the

inner and outer radial variation of approximately O.010 inch. In eitheri 1
case, such changes influence the mean electrical circumferential length of

I the coating, C, here defined by: -

I si'w (W + )F 1
|2

-Iwhere T is the mean radius a '1 and if is the mean refractive

index. It is seen that the change in C due to changes in K (i.e., W)

I snd/or ifis

(18

which since W 1 and bW hTr/a AT is1I

I - 2~I+N (19)-
2 a+

It is recognized that the first term contributing to AU is the

change !zi circuzmferential electrical length due to the change in the

refractive index of the coating whereas the second is due to the change in

I thickness of the coating. Now, here upper linit. of & and h!/a ame

approximately A = ±--0.02 and .,/a - ±G.o04 so that C (o.o.,I

W=&X 0"0qx, For the cylinder used at X-band, Cx - 45, therefore,

the -1-- change in C can be Wa - 1.0; i.e., the =man circ feren-

tial electrical length of the coating can approach the order of a wav&-

length in the coating material. Intuitively, one would expect that sueh a

-own

IA

I i

B -- '" .. . . . .. . . . . . . .. . - . . . . " . . . .
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cltumpi oule, very veil 16 d to l ]rre chkjg i. input admittance. It is

ecn that tht =aJor contrib,*tic- to ; is from~ El. -hus, for large

-- cY1uid~xa (large C's) suial charxi6,v.- in the refractive Index my be

expected Vo acc'rimt for the obaerved chsnge~i ir admittance.

To make meaningful measurm,&nta of the i.,Vut admittance and to comn-

p~6then with computed results, it f ollows tt.; stricter tolerances on the

refractive index and coating thickness will be nrr.m'stary If one uses ee-

rrlly large cylinders. These tolerances wvill te c -. ispondingly

reduced (as 6e" from eq. (19)) for smiler cylinders. It would set--

then that for an initial tftst or theory it ray be more ukprc4=1iae to use

MEBsmaller cylinders.

The radiation patterns also seemed to be sensitive to s;Uchanges

in the electrical parameters. Tbe measured equatorial plane paticrns are

shwae in figures 17(a) to 17(f) along vith the corresponding ccw!,,

-~ patterns (using expression 33 of Wait2). It Is seen that the agrecaeat

between theory and experiment in the forward direction is quite satie-

factory; however, at the higher frequencies (X - 0.80, 0.85, and 0.90) the

radiation level measuro.! in the rear was considerably higher than that lyre-

dicted, although for the lower frequencies (k - 0.65, 0.70, and o.73)

agreement at the rear is stifll satisfactory. The poor agreement in the

rear direction my also be attributed to the critical dependence on the

M parameters of N and V.

I Al'WCU E CF A CG"4 AXIAL SUMP

Frce the vwrk of Wait 2 the pertinent fields established in region 1

(a p Sb) an& region 2(b o w) of figure 11-3i are given by (336),

(337), (39,(340), ad(342), (33,045), (9 fWait, respectively.I



For thc sake of brevity, thOese exprc-isions .iL. not be Tr.tt h,~e u

it is noted that the foulovin di~ffere nce in notation is un,d:

a~4f notation I oaon f
____________________ this report

FurthermOrey it is noted here that in table I of Wait2 (p. 128) that the

coefficient b., should be mltiplied by u, and the coefficient is

lacking a minus sip.

Here agafr the taa ential electric fields on the cylirdrical =-flace

pa &re *zv'.ed to be

- f off slot

E~a,,) ocos(t1L) on clot E20a

-0 (20b)

From equatica (20a) it foLloat that the transfom of E is

and from (339) of Wait th4 transfora of H5 is

u2bH(2)fu,) UN(u~ (2

_ E
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'rctm Parrea's theurem the external mntt-nnce in 23

-Using the nix ageta boundary conditions otntyof 0 za(
I ,El. at p - b, and continuity of F and , at p - r.) and eei

z ~n!nts gives expressions for Bil, bm, an& Da, resrectirel:7, -where D1 is

I the determinant formed br the coefficient* a=,, etc., in table I, p. 128,

o xpliait ly solving for ., bm, and .~a and susiuigthe exrs

FMIIZ -ilons into equation (23) then gives

vhere:U ~a~2'~ nu)n2(a 2a

Vm- (ua~ 2)(fu) - J(ub)1(2)(a) (25)

16,()(u)-~' u)n2)(ub)(2c

I m .j'(Ub)Hn(2)'(ua) - Tm(ua)H(2) (Uib) (256)

As e partial check on equation (24k), consideration of the special case

of no coating (b -a) Or an air coating (N 1) each cause equation (214) to

reduce to equation (1.5a) and (15b) an should be
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iIIS

.atiomazation and no,-aliyation of equation (2' then givea

32 22 (i. r.J 0 V - )(

191 TI ;

- - Jn(X)(j

V.

It i ino~tat t noe tb~t he loveexpesson ws aso erivd(i27)

pednt~ y neraigth omtn eco ve phrcl ufceo

Itdiun Lprtin t e tha fihdeA abv parsiekon eastilos (27)ied e

42
pednl yitgtI h onigvco vrashrclsraeoraiu ri te arfel. s aria cek c quton (7)trL cs

E



nf Uo zootfnc 11b a i.t.., W 1 I) or -a #4r -.- tiiw V w)) botiireduce

ev-atons i21) to tiOM ,A) v.,- 0-);Jd be.

it in notel tbat tbc a15Gse red,&e.lon woZ y.. show iht onij i' nt-

pmtion from 0 y -F cont-rbuten to the conductace (uhich =ay be antic-

- _ as

ipated if one considerF that the conductance can elso be -?itained using E

5omihl vectror and the radation 1ie1lis).

fbvever, the ex'oress'ion for b. vil: be of the for--

for the genezrnl case of an arbitraury b~o'cneous coating. An yet th:

explicit foiw for the integratAs of equation (28) woa not b-.en obte~ied.

An attempt was made to program a modified form of equation

(27) in order to -ompute, the conductance of the axial slot o

the l3-inch-dia---ter coated cylinder. However, the results

su" :sd to be in error by at least 6 perx;ent. Possible errors

in this computation are still being inves%-igated by examining

a plot of the integrand of equations (27).

VE-

M:I

U



Th t,-ter. uitn.e --Ic-Ssion, sifri 4-- flgure- 1-5, 19, and 20, ic

ttrwec zbat =akei~ t extzrenely uscful a a diagnosti- -ow for rtentry ls-

shcatLs, To nane- a fev:

1. Tts cylindritml. struc tre vith no protrditg part allowis it t'e be

an integyzJ. part of the reentry vehicle.

2. The feed --fsten- con-.'sivtin2g of tbc inner cc-oductoor of a coaxial

cable across a gap =ich szzler than a vai'elength suports a x-rIifxirs Cu-

rent; 85 a resuilt, solutioas aepossible vithoiut azst-=ing an av--w

field itibutioL.

~in spite of such a nzarwv gisp, the ante=x is an exceileat radiator

uten itb circumference is approx n=tely equal to 2 vavelenrths. At VW fre-

quencies, the pyyecal size of the antenns is cam-tible -n-0 the size of

nary 3~l1 reetry~ r-idcles.

i.An additional feature of the na--rov gap zn to rule out the exist*ence-

of axial. =agetic fields at the apertuzre a ina>-.d tbhe gap. COneQ3=01ty,

only atiSathal Fz, modes are ezelted ad thin fleld dist-AbutIi is -1--

taiu,-'d cven In the presence of radially nonhamogewc'uu PIas

5.iTe anta is a resonazt structue vh1ose rvdiation nd L-4edL-nce

v~Oprties e-re detre.-ined on~iy tr one sigaificnut azizctheal bode. ?z-o the

-umber of lobes In the radiation pattern, it in postible to deteramine the

I-N



_ i
-, 60

- i I•
6. Finally, this is an antenna which is amenable to simple mathe- i

matical analysis, permitting accurate prediction of both far and near field
y, ~Prfor== ce.

In this paper the antenna input impedance both with and without plasma

coating is discussed. Experimental checks are only given fo%: no coating,_

and are correlated to the radiation patterns.

MW DWT NEfNCE UiTEH NO FIAHM COiTNG

Consider the cylindrical gap antenna depicted in figure 18. The gap

width d is narrow compared to the free-space wavelength ?'o(d << ,,) and

is formed by a radial waveguid, short-circuited at its center by a spacer I
of radius p = po. The ap is fed by a coaxial line located at the rim of

the guide at p a a. The coax center conductor makes electrical contact

with the guide top plae and its outer conductor Ls shorted out against the

bottom plate. Because the gap width is small, with respect to the wave-

length, the current along the coax inn,.- co.luctor across the gap can be
I taken to be constait and equal to 1. If the voltage in the coax is Vcl,

the antenna input impedance presented by the gap to the coax is

tafZin = Vo x (29)

I

This is not merely a definition but also a measurable quantity related to

the reflection coefficient r in the coax via its characteristic imped-

ance

z - + r (30)Zin = ZcL± 0

- In order to calculate 7n, refer to figure 21 which shows the feed region
grossly enlarged. The voltages V, and V. in the coax and in the aper-

ture, respectively, -e related by Maxvell's equations to the magnetic flux



E)

enclosed by the line integral of the electric field yielding these voltages,

tw that is,

for a perfectly conducting wire. The integration is over the surface

L defined by the loop boundary Just described. The right-hand side of equa-

tion (31) is the inductive reactrrce of the loop, iabL, timeo the totalI- current I flowirg in the wires and spreading taroug the radial guide

plates. Equation (29) can thus be rewritten after dividin%- by!

VQ _V + i, L,(32)

T is i-ediately recognized as the input impedance Zin being sought.

The ratio has the dimensions of an Impedance and ts defined as the

antenna aperture impedance. It wl U. be shown that the aperture impedance

is not in gereral directly measurable, but in some cases it can be calcu-

lated from a knowledge of the fields in the aperture. The quantity iMAL

can be considered to be solely due to the reactance of the loop.

Equation (32) may now be expressed as follovs*

Zin = ( " Zaf) +-(Zft, + Zf) (33)

where the first term in parenthesis is equal to and tue second to M
I W

fmoLI. Each parenthesis consists of two parts. the self-impedances Z,

Zf, and the mutual Z.. , Zfa. (The f and a subscript denote, respec-

tively, feed and aperture impe4axi s.) The two impedances, aperture and

*Dr. George I. C:ohn made the analysis described by equations (33)

to (38).1--

-,---,--05

_A __
:12
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feed, can sometimes be calcult..d and/or measured le±ndently of eachj other if the interaction caused by the m-rtural impedauces is negligibla.

This is the case if the fields can be divided on a spatial basis into sub-IL volumes nuch that the fields in any one subvollu can be attributed only to

sources not producing fields in any other subvo-ume. Thus, if

Izaf1 << I za
_ I or

then Za = is directly calculable frw the fields in the vtp which are

obtained by solving the electromagnetic bo d-ry valu problem. Zf is the

wire inductive reactance in the absence of the gap.

The f1lux comon to two subvolumes is always les than the self-linking
_ flux} therefore,

or zafi VI (35a)or

I zafI IzfII
z One vay to insure separability of impadances as given by equation (33) is

-- to demnad

SZal << 17-f (36n)
Ior

17fI<<Ia (36b)I
that is, either the wire inductive rcactance is mch smuller than the aper-

Iture impedance or vice versa. It will be shoen that the feed wira induc-

tive reactance can be made to fulfill the inequ.liy eqation (36b) for the

gap antenna !m tvteWeton and vanis .- as the gap gc=n to zero. She feed



WOR 63

JW

imp~mc Zfandthe aperture impedance ZaL(i the absence of coupli2ng

between them) will now be calculated, keeping in mind that as long as equa-

tion (36b) is satisfied, the antenna input i'edance Zn is the 8 of

these two contribution.

An upper bound on the feed wire inductive reactance is established by

calculating the inductance of a coaxial line of length d with inner and

outer radii rI  and r2. Using the geometrical approximation, it is

easily shain that

Zf 377 -In(37)
Sri

if &..1.and lo
r- I

Since the antenna is to have an input impedance of 5X resistive -"n order

to match the coax characteristic impedance, equation (5) is nt fullled !

and the input impedance is not separable into fced and eperture. Cai

the outer to inner coax radii ratio in equation (37) is not as effective as

reducing the gap width since the logarithm varies slowly with the ratio in I
~~question. However, if the gEzp width is reduced by 1/2 or 113 zorrespomfndg6

to do of the order of 1/60 to 1/100, equation (36) is fulfilled and the

impedance is separable. I- I -

The solution of the electrcagnetic fields subject to the boundary

K.Iconditions yields the aperture admittance, Y. = j for each peripheral

mode m, whore Vm = Ema d, is the voltage across the gap for the rath mode

- as shown in figure 22. The total aperture impedance is in turn related to

21 I
tI by

WA
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Za e ('9)

where Bmi is the susceptance presented at the feed by the interior

region, and G. and Bme is the admittance contributed by the exterior

exterior space Yo ((120)1l for free space) has been found to be
region. For a narrow gap, with uniform feed current, thz resultant modal I!

.r .. --}. V-) .. mI."(. :-- .1. . *j~~ -(,, )J
"1 F-

x, ao, do, r o being re.ipectively normalized: wave number k/ko,

cylinder radius kos, gap width kod, spacer radius kopo . Ym was

derived by calculating the fields in both regions, matching them at the

boundaries between antenna and exterior region taking into account the

discontinuity in current.

For each mode m, there exists a current sheath J. arouud the gap

periphery which is independent of z (fig 22). The electric field A

across the gap resulting from this current density is also independent of

z at the interface. It follows that the locally induced magnetic field

at the interface does not vary along the gap width, Pursuing thiti reasoning

iI
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reasoning further, only a z-dependent H could produce an E0  component

and this Onc In tur i would produce an Hz. One therefore concludes that,

~in the absence of z-dependent field components, no Hz component is gener-

.ted at the gap interface.

ZVALUAMXOR OCC APEME fXDARCE Za

:Equation (40) for gm, b e , and bmi was used to calculate theavarious modal impedarces for a frequency scaled up model of the cylindrical

gap antenna under study. The model ahown in figures 19 and 20 was designed M

to operate around 1090 mc With the following parameters:

Gap width, d u inch, d 0 O.156

Spacer radius, pO - 1 inch

Gap radius, a = 3 inches, ao - 2.13

Operating wavelength, 7o = 8.81 inches

Graphs showing pertinent calculations of go, boe, and b m  are shown in

figures 23, 214, and 25. The calculated normalized conductance and suscep-

lia.tance for the above parameters as well as the unnormalized corresponding
IN EMWimpedmces are shown in table II for mode numbers ranging from m - 0 to

L - 9. The important feature of these result' is the fact that for an

an4,nna circumference aljloximately two wavelengths, th-. first order mode

(m 1 1) contributes most significantly to the impedance. The modes below

(m - 0) have a reactance that tends to cancel the reactance of the modes

above it (m = 2). In essence, for each value of a. the antenna is a

resonant structure, with one contributing mode. (For no - 1 it con be

shown that Z0 is the resonant impedance.) The resonant mode determines

both the impedance as well as the radiation characteristics. For the

TI- •-

iI
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specific choice of parazmtern above a- 2.13, the measured radiation

pattern shown in figure 26 exhibits the two lobes that one woitld expect

frm the m - 1 coninusoidal aperture distribution of figure 22. There-

fore, the size of the antenna establishes only one specific mode as the

- contributing one and this mode in turr determines uniquely both the

input impedance and the radiation fields.

APRlM DMPEM M TH FR=CS O A YOTOWDGFER PIAWA

I The plasma, model under consideration is represented by a radially

varying dielectric uniform, in the 0- and z-direction.

The approach followed is the one developed by C. T. Swift8. The

4am is subdivided in n-concentric cylindrical .,eaths. Each sheath is

taken to have a uniform plasma and collision frequency equal to its aver-

age through the sheath.

The fields in the radial waveguide are matched at the interface to

those in the first sheath. The field transform: in each sheath are no

longer forward traveling waves expressed in terms of Hankel functions.

They are standing waves consisting of the linear iuperposition of Hankel

and Bessel functions. The fields in Region I and the first sheath of

Region 3II are

Regton I

d

+ I = _yo Ya F a,102

+ d F,,m(k'op )

d

Oj a. - M

I=|

E
I1

- I
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ffi

EI

Region 11 (lat layer)

E= ulV~

I , 17

The foregoing expressions for Regicn I were obtained after making theI

2 k1

Uo2am;moguop) V'r

In Region II, forward traveling waves are replaced by the standing

waves, i.e.,L

cm,(k)Hm 1(p)~(klup) - ml(k)Jm(uip) + jlkE,(l)
fd,(k)E(2)(up)-tF.(kup) - ,,1 (k)Jm.(ujp) + Bml(k)H_(2)(ul)

and ar derivatives icith respect to the argi~ent (uiP).

111 RUIIPM
kR
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I.
The modal aperture admittance Ym is now exressed in terms of these

unknown coc~ficients "y demnding that

U z - - o~zdz -'4)

U

Using the expressions (1) and (142), it follows that j

f &. jI u, a + AlS(2) '(u a)n eikzdk bm1  (ua)I

Ri j I

In order to eliminate the dependence on z, both aides of equation (46) are

F~

D -i integrated from 0 to d. Andj usse of the re]-atir _

rd.

SA ue(kzdk - Co(%)

a j

~results in

+~ Se (2)(up]W t(k)& + iVm This Lm (4 7

+ 0 Fmk 0 B) d 2;M

in order to find v the four r'oefficients am-, Aj, bml, an B

must be ezpressed in terms of YB. This in done as follows.01

-
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As shown by Swift* a Transfer Function can be developed w.hich relates

via a 4 X 4 matrix the unknown coefficients, % 1 1 1 a

in the first sheath to the free-space coefficiente cmdr beyond the last

sheath. The transfer function depends only on zhe vals off Jn(u!pi) and

Hmup)at each shea a and the corresponding plasms parameters. Tte

matriy coefficients are labeled Ck. Their values are given in thp cited

reference. The following relation holds among these coefficients

a 1 C C12  C13 C4

m1 C53 . C32 C33 C514

L J C 1 C4 C 4 C 44  dl

The preceding equations reduce the number of unknowns from 4 to 2. Appli-

cation of tz two tangential boundary conditions at the antenna surface,

g= .0 o*(k) (i 
e.,

(149)

*The field expressions are different from Swift became the factor

U1f is absorbed in the coefficients ajl(k), Am'(k), bml(k), and

1l(k). Purthexunre, the fields are constructed from e~'ek7 while

Swift uses negtive exponents. The above expressions can be converted to

Swift's by dividing all field transforms by aloc and changing m and

k into -m and -k.
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it fo~aws that

e known- coefficient c,, and d, and, consequenal , Az3 ,
1l n , to be expreoBed Mntrso ieTe derivation nov

amd ~~~ ~~ in ters of V..~ ~l -)ed usiuigit ~

tollows.

t quatian (148) can be fritten as

@1

aj 'Cj 2 c. + C 1 .

Aj3 C2C. + C4d.

(50)

D~~ ~~ wC~nCI 4 4

Therefore, from equatims (47), (19), andi (43), after using equation (50),

it folt nc that

?t_.

(51)
Solving for cm and d.. in t~ of V.an expr saing aj, 1j bj

an B in terms of V= via equatiop (49) and substituting into equa-

tion (4.1) results in the folloing expression for the modal antenna aper-

ture 9Adittance covered vr-th plasma.

j" +1C,. 16 - r'A- ~~

(--:C K ~r eC..j-4)
2  

C2,3 Cd-: - CL ZU

(52)
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vhr h eemnn fteLx4marzi qto.(1 sgym y

Itisnere to the t d tinarg of the xi -ytxindia unctio n 1 s aie~

Rul.a - -k?)a. The quantity kol is the w~ave nmunher in the first

pasra. sheath adjacent to the antennam.

As a partial check on the validity of expression (52), the pla- is

reoved, in vbich case

C2 C.1 C2 4 Cl~ C3 C42 0

- I C22 -CU~~ -1

The adittance no-s reduces to

dkI - M d 2:m oa

Ivhere C*C gi c2 -P

I YEquation (54i) Is .q-ulvalent to equatin ')&0) prior to braking it i-to£el n izzaegn a rts-

Rp

IM
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CONTCUING RE24APMK

This itnvestigation of slotted cylinders has led to the following con-

ciions:

(1) For the case of resonant costing (w asp, v o), the admittance

approch-i zero as the thickness ,of the coating increases. At intermediate

th kesses, the susceptance can change from a larre capacitative to a

-a1 inductive value or to zero.

(2) For all practical purposes, the ad itt&wce of identical slots on

cylinders and ground planes is equivalent if the circumfennce-to-

wavelength ratio of the cylinder is greater then four and if the loss angle

of the plasm lies between 900 and 1800, and the mtinitue of N Z 1.

(3) For the reentry plasm. distribution sh-vn in figure 7, the admi.t-

etance undergoes pronounced changes vihen the propagating frequency

approaches the peak plami. requency.

(4) The admittance of apertures on large coated cylinders (C > 20)

N sees to be se.'itive to slight changes in the electrical and mechanical

tolerances of the coating. As such, one is led to conclude that theoreti-

cal results will be difficult to realize experimentslly unless electrically

small cylinders are used (C < 10).

(5) The resonant propertieb of the cylindrical gap antenna indicate

that it may be useful for plasm diagnostics. The presence of plasma or

any cbcmp of antenna paramneters brings one azimuthal mode into prominence

'which determines both the ehape of the radiation pattern ane, the value of

the antenna input impedance. As the plasm varies in deusity, it vould be

expected that various modes would be successively excited; therefore, cos

could ex9ect the pattern and the input impedance to change accordingly.

4I
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APPENUJE I

LIBT OP SThEl= USIX) IN THE AWMLYIS OF THE AJAL SD]M

a radius nf conducting cylinler

B su1sceptance

-fb radial distance to air-plasma, interface

C circumference of cylinder in wavelengths

B electric field

EE Fourier transforms of electric field

BO ammlitude of electric field at aperture

amplitude of incident TEO- wave

G conductance

H magnetic field

H,H Fourier transforms of the =anetic field

h axial mode number

k length of slot in wavelengths e-1/A

I length of slot

m azimuthal mode number

N index of refraction

p lpowerE

8 Poynting vector -

u radial mode number

Y0  applied potential on slot

M-



_ - _ ___ - - _ _ -

I V -b/a

w width of slot

Y admittance

YO admittance of iee sce

70 R'Ovaveguide admittance of =01 mode

1 13 wave nmber
f oave number for the TE0 1 wavw uide mode

r reflection coefficient

Kronecker delta = I

dielectric constant

CO permittivity of free space

-r  real part of the dielectric constant

transverse components within a rectangular vaveguide

vavelength

? oI guide wavelength

-0 peI e bility of free space

I v electron collision frequency

Spz cylindrical coordinates

00 angular idth of slot

CD exciting frequency

plmma frequency
. Subscipts:

_ 'c external

in input

per unit length

II
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M

kI

11.

R 11 vector component along narrov dimension of vaveguide

PYO,,z vector components alysig the three principal directions in

It cylindrical coordinates

i

93;

1:

I 14

.1

~ii 

IJ1*
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U APPENDIX II

-I X~*~1'~aNCE ZPMWSIONS FOR LONG SLOTS ON CYLINDERSI

The pertinent fte1ds in regions I and II of the structure shown in

figure 1 are:

El A,jj(p) + BH(2) (0p)] eiJmO

(- 0) CUM () (pei (11-2)

~i M - ( 2P] - m 0

jm p)+ BH(2'(p)]e (11-3)

EOIp i 0)2 Llod.C .(2) ( 1 4

(DWI

where the prime denotes differentiation of the Bes.ael and Hankel functions

with respect to the argument.

-J'00 =~ m=. in - (15)

then the boundary conditions at p =a and p - b gv h olwn

algebraic relationships

V0 sin 2o

_~~( -n ,- AmIJm (NC) +BmHm(2) (NC](-)
2,, (wl Ir
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iI

A.F~~~~ 'ZC)BH2)Ij C.2)J()'()

(2(,)'N)-M~(t)~2(W (11-70)M

Tm JI(NC)H. (2) (NC - fN)(2) (CW)

= Jm(NCW) +Hrn'(C Jm(CM(2(N

Shreolvnte aoeeutosfrA n gvs

NEm(2 = m~ (NC) +E[H.2)(C) %2(Wy,2'NW

Urn Jm(NC HM(2)(CW)T J'NWm(2)(IC) I
V gm = J (C)H (2) (CW) -J(C ) Bm(2)'(NC W) n-~

wrmPe alathoete xtnaamianepr nileghi gie

byj-IC).2 (C) j(CEm2'NW

(3 -1

UI _m (C)M 2 _ _ __

_ _herefore:
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I
= --- 2xa (12-14)~

And the substitution ofequation: (11-5) and (11412) into equation (11.14)

results in a folmlowin mittance expression

-~ iy~ ~ 8ia? fE (2) (CV)Vm - 6(2)(C)Q (-)
0-)2 \,(2)(cW)T. M6() (CW)

For the case of no coating (w = 1 or b = a), equation (II-15)

becomes:= - (-6)

2a ()

It has been shown1 that at plasm resonance, the fields, hence the

I admittance, are indepent of the azimuthal coordinate, €. Therefore, only

I- the m = 0 mode is supported, and equation (11-15) reduces to

-:2_ ()' (CW)VO - o(2 (C)

In order to eval'ite the above?t follwing exUson are

.... :ynecessary:

o(x) 1- 2 'J(x)O-=

YO(x) ' log x Yo'(x) 2

-i N

SIx

ii- -

1I
" ,
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to gie To[W : i~g ~(11-19)

Therefore, for Hiu0 and W> 1I

I -~~~ ~ H(2) (CW)-(12)1

2sa [ C)(2)'( + (2)(CJ)

To analyze the inhomgeneous plesm, a mthod described by Svift4 is

used. Using Swift's notation, the axyiLz ragrietic field with the plasm

expressed as follows:

* here the ratio G() tm(r) + 34t,(r) is numerical3ly evaluated to give
qm

solutions of ta and umn at the surface of the conducting cylinder,

r =a. The details of the technique are adequatelyr described in the ref-

I erence and -Ml not be repeated here.

At r a the boundary condition at the aperture gives

C Yfta'(a) + juzm'(aij 3:,2

I which allowsa Cm, :iefce Hz'(aO) t~o be computed. Therefore, use of

I Parseval's theorem gives the foUlovtng admittance expression

I E.

I K

Mk

IEmi ;4A
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ii

-- (1-23)
2ga cc 2. (a)~~ + Su.' (a)

Mae prim in the above equation denotes differentiation vith respect to r.

g

B_ 

0

S EI

Re
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RELATIONSIP BETWJEEN flhTERAL AND EaERAL AMIACE

Computation of the external admittance is only half the story since
L

AMthe external admittance as such is not a measirable quantity; wihen an

AWRexperiment is performed, the input admttance is referred through a m ns

urement of the reflection coefficient. This input admittance (or reflec-

tion coefficient) as seen in the feed structure =is& be related to the

external admittance. To do this, however, flow conservation imndiately E
inside and outside the slot is used.

The pertinent fieldAs vtxich exist in the vaveguide, due to the wave-

guide opening onto the pround plane, are

En fe~ocs~LL + re + (h.t.)E (l-a

-E!ole ~1codl~[ 1 reJ20olz] + (h.t.)H (ra-n,)

Assuming that higher-order terms vanish, I.e., (h.t.)E - (h.t.)H, - 0 the

complex power flow expressed in terms of the fields inside the slot is

=c t1( + r*)(l - ryo Y (111-2)

But,

Therefore,

E
Ye i(I +r*)(l V T (r-4

I VO 2 11+ r1 01 -O-i



-But, the input admittance is defed is

-+Yin ++l em ki ¢+-+

+i

Therefore, the folloving relationship exists between the external and input

S+c(admittance (m-)

or, in normal ed. form,

gin + ibi (11T-7)

ITherefore equation 111-7 relates a calculated noralized external admit-

tance (YCV) to thle measurable norz=l4zed input admittance yin.

A
t

I
I

, -=
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TABLE U.- TABLES ^Y MODAL DaIANCE OF GAP ANiTEA

,b +b , , .n .

0 8.23 27.1 3,9 - J1T.7

1 7.06 -. 66 53 + J5.1

2 4. 48.8 .6 + J?.7

3 1.1 -Io J3.5
4 .149 -168 J2.3}

5 .01. -229 J2.0

6 -292 ji.6

7 -355 J1.4

8 -420 J.9
-486 J.8

I

II=
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, PLASMA COATING

. Figure l.- Geometry of coated slotted cylinder.
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Figure 1*-Equatorial radiation patterns near plasma reso ace.
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-~THE UNIVERSITY OF MICHIGAN

IV. itL RADIATION PATTERN OF AN ELECT~iC LINE CURRENT

k:;flSED BY AN AXIALLY SLOTTED L&SMA SHEATH

Andrejs O.lte

The Univeralty of Michigan
Department of EMectriepa Engineering
The Radiation LAboratiory
Ann Arbor, Michigan 48108

- ABSTRACT

A circular uniform plasma sheath of complex conductivity Is enclosing a

- I unit electric line source at the origin. The plasma sheath has an infinite axial

I slot of arbitrary cross secti'on. The problem has been reducedl x a Fredholni

integral eqnation of the second kind in which the unkniown hwn:tien is the electric

current izi the plasma. An approximate solution of the integ-al equation has be---

i obtained in the case ci a locally pardafly transparent plasma sheath. On the 6asis

of this solution a formula for the radiation pattern is derivyd. A~s an example, the
- I raiilatio! patterns &re computed for a 360 wedge siot in the plasma sheath of
- three different thicknesses. In Addition, attenuatitm calculations have 4cen per-

formed on the unalotted plasmna sheath.

- I
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t.L INT! ODUC'flON

_ j A homogeneous plasma sheath in' inside radii a and ciide raii b is tdcen

__ to enclose a unit cevic line c-arrent at the origin of the coordinaste sy-stem, (r, 0, z)

Iaz shown in 'Pig. 1. The z-axis coiacides with the line source. The pasma sheath

may oietaiA an axial slot of area As. The ame of the plasma sheath we haive mudi-
cated by A%. The structue is uniform in the a-direction. T1he free space permit- _

tiiyand the parn.eabilty po is taken throughout, including !he plasuma The
elcti cnuction properties ofthe plas ma (Rose and Clark, 196i) are accountedjfor by a complex conductivity

whr ,vand Lpare the frequencies of field. collision snO --'-ma __pc~ety a

ISince the primary current source as wet! as the plasma snexth does Dot dc-

oaly on the r and 0 coordinates. Furthirznore. the electric field Is tanigential to the

;.izie source, and the magnetic field is t -wsverse to it. That ;s to say. we are

dealiv, only~ with the cdectric field 6orgionent E (r. 9) and the man etic field corn-M

-~ ponents Hr(.. 0) and H9(r, 9). The o?. 'r field components tLre zero. if we let the

plustna [Il in the slot, then E (r, 9) -- %(r), 1ltr(r, f) -v 0, and li.(r, 9). lr. I

Thu we hitve only one cow4-Lcnt each of the electric and the magnetuc fields. and

_ I y depend only on the radiad variable r. M
Im- this report we are concerned with tne problem of finding the radiation pat-

tern of the electric line source enclosedi by a uniform plasma sheath that contains

an infinite axial sk*. I hat is to --4y, we wish to discover the 9 variation of E.(r, 0).

This fielti may be found from the line rurrent and the electric current induced L-

the plasma. The! latter is the unknown quatity for watch we derivP' Fredhoim

__ _ _ _
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integral equation of the second kind in Section IX. We m-ay solve this equation only

under restrictions which make the solution of very limited practical value. Setting

out in search of a better solution, we first solve the unslotted plasma sheath In See-

tion M. Defining the sheath current with a slot as the unslotted sheath current plus

a correction current, we Pre able, in Section IV, to derive an Integral equation for
the correction current. We use the unslotted sheath current as an approximate cur-

rent from which we compute the radiation pattern for the slotted plasma sh,:ath. An

approximate solution for the correction current serves as a basis for checking the

reliability of the radiation patern ca-culations. The rationalized MhKS system of
jwtunits has oeen used with time dependence of e understood. In section V we pre-

sent numerical results and conclusions and indicate the direction of the future work.

II REDUCING THE PROBLEM TO A FREDHOLM INTEGRAL EQUATION OF

THE SECOND KIND

The unit electric line source induces conduction currfnt Ir, 01) in the

plasma sheath. The electric field (Harrington, 1961) of both currents is given by

E (r, - -0 [H(kor)+ ff , L , i(r'. ')H -r' )dA (2)

A

where H is the Hankel function of the second kind, k =t&jXo o, and 1i-P' Is the

distance from the ficid point to the source point. We wneume that Ohmts law holds

in the plasma, i.e.

iz(r, J) =a E,(ro 0) (3)

We are neglecting thereby any space charge affects in the plasma. Eliminating

______________ ______ ___"_____________________________
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Ez(r, 1) between (2) and (3). we obtain an integral equation of the form

i + (2)(1 (2)I (rO W IV I l(r!o')H (k 1i-f't'/dA'=--Ao'i o )(k r) (4)

p

We recognize that this is a Fredholm integral equation of the seccnd kind with the

kernel i( 2 )(ko I -l 'i 1.

We put the Integral eqation in a more convenient form by defining

2 (5)
4k

and

2k-. l(P, ) a Iz(rO) (6)

where p= kor, and hence

i (P')H i )dA'= -H(7)
00

where now dA=p'dp'd'. This Is the fundameaita equation of the ptvblem. -1

The integral equation may be solved by the method of successive approxi-

mation (Mlkhiln, 1964) provided that

I l< (8)

where

B 2= H (2) 2--d ~ ~ 9
B2  ] jJf 0i f~pI)d d '

p p

By considering unslotted plasma sheath and a Hankel asymptotic form for H~2 we
otain from (9) that

B 2irko{b-a) .(10)

IL

- --

KSK

- i P P4

l Byconide=d~n unloted pasm shathand Hakelasymtotc frm fr H 2 } . we
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and he'ice from (8) that

-- (b-a) IThis estimate of the conditions of convergence is on the pessimistic slie. Never-

theless, Eq. (1i) gives xs a good indication that the successive approximation method

ofsolvng the Fredholm Integral equation ir of value only for either ,ery thin plasma

sheath or very low plasmp density.

M THE CASE OF UNIFORM PLASMA SHEATH
The situation is as In Fig. 1, with t slot filled n by the plasma. An eact

solution to this problem can be ohained in an elementery manner. The electric field
---- ' "may ba expressed in the form;

0,r) 100oH'(kr+,o~r)0<r<a (12)

- A2J 0 (kr)+B2 No(kr), a<r<b, (13)

= A3H0 (ko
r) b<r, (14)

where Jo and NO are Bessel and Neumann functions of order zero, respectively, and

k= kj 1-Jc/(wed) (15)

Then from the Maxwell's equations the corresponding magnetic field Is given asi H(r) -j ko(2)orJ j- A 1J (kor). O<r<a, (16)

2or J kr)'B2N k, .

4 go10 3
___ ___

9M
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I the cylindrical functions beinj of order 1.

From the continuity of E Wr and H (r) at r=a and r-b, we obtain four algebraic

equations. By solving them we obtain the complex amplitudes of the waves:

A, (~okoJO(k&)H )(koc(kb)H('(kob)-kX(kb)H;' (cob +

0 2) r (2) (2) )koNj~a) 0 (ka)kJl(kb)H; (kb)-kN0 (kbH (kb) +

1.(2)() (2'
1 00''ob
I (2) (2) b

2lka a,~ [kJl( kb)% J(kb)H 1 (k H (21)b

A2 (22

j D:Ji~ka)~(kb)H (k)N(k b-J (kb)N (k b]) (20

k 1. (2 FJkbNka )(kb)+f Jo~~~koa)H~~[kJ(kb)H(kob)k) J1 (ka)N 0Hi (21)Ho(~)L1 1''
2 2I21rakoa()kbLIk)~b~ldNkU(3

Th uretinuedi heulor lam het ~'r i ienb0

__ __ __ __ _ __ __ ___ __ __ __ _ __ __ __A3722(2
irRSpl

__ 0

IztL

z ii
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.! . c i izr) =r Ez(rl . r a <r <b

U(24)

[A J (kr) 1.)%k ri
By a similar Jefinition as In (6i we intrcdttce

__ - U I lll 2
[Ap -~.L~J(kr) BzN0 krl) (25)

_- j The elm-tric field outside the plasma shc-p' ,a given by (14) is rewritten in

the form
,1 (2) 4

Sz(r) - w o o (kor) A- . (2)

The first factor gives the electric field of the unit elk.tri v ;inc source in the free

space, the second factor introduces the effect of he plasr a sheath on the radiation

field. We define the latter factor as the radiation pattern fi, the elctrlc line source

radiating through a concentric uniform plasma sheath, i. L.

P:" 4 Aj (27)
0tuo

T is pattern is a constant; it does not depend either on r or , However, it is

rather difflcuilt to calculate Iecausu of Ohe involved denominator '% A3. Hcwcvcr, In

the case koa>> 1 and Ika 1. Po can be reduced with a g,d approximat4on to an

elementary form by using the liankel asymptotic form for the cylln',ca1 !uctkona.

F _ Taking two terms in the liankel asymptotic series. we obtain

20 ke (28)
-- dodl8koa1 -) .

where

__ 1_ Ic j2k(ba)]S% co~oa ) ,(29)

ko ko

-I

I__________ ________
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1 sQ-' r I ce' 1  sin(k- + __

From (1) and (15) we find that kakt-jk, where

ku=;k4 A+ 4 2_-P (31)

Ic=k4= ! A+ !JA2+B2]"! (32)

ME- 1 2 x
A7 1- ; X2 BS33)

1+y2  liy 2

with

xx_ Y=!(34)

From (28) we observe that the amltude of Po is determined principally by theI

factor eVrk"(b-a)j as would also be the corresponding case of a normally incIdent M

plane wave radiation through a plasma slab.I
The asymptotic current distribution in the plasma associated with (28) is given

by 
_

____k I 1 1 1 jk(r-a) HOW

d04ld(Boa)[ +a)(1+

k ( 1 l' o j jk-2(b-ao ~f5
-1)4-j -_T -7'-~ (35)

-~~~ The first term In the brackets represents outwar pogtig current wave and
___ the second term the reflected current wave. Again the ciponentials are the domi-

3ant factors in this formula. T

.ON

En
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The app.oximati forms of P. ai !!t) for 'to case ka>> 1 andIkib << I are

given by 3- I
I i(k b 1r) I

PO e F j'JI P ( sin(koa-)-j cos (kOa-|a 4o 1kG
Ih+Joaun 0s(o- - csk, ) (3T)

--I - n DSka-aformula 021kbn a a 4

The two formulas have been obtained using the small argument approximatilon for

-: -i the cylindrical functions of argument kr and the first term ia the Hlankel asymptotic

series for those of argument kr. That is to say, these formulas are valid approxi-

maUons for a plasma sheath of sufficiently large radius and -

IV AN APPROXImATE SOLUTION TO THE CURRENT INTEGRAL EQUATION
AND THE RADIATION PATTERN

We recognize that the normalized current of the uniform plasma sheath, (25),

- jIs a solution of the integral equation (7) .-h A)-*- (Ap+As), 1.e.

l(p)+l i'(2) i° (p) (38)
I- Jf l(0')110 0 W (3s)A

AA- As

4We define a current lc(p, ) by

i(p, = i(,)-i (p. 9) (39)

thus from (7) obtain

4
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-:- --- i leP % ijP, ') -A'])dA'-(p).--rH 4 -

JT i(~f~~A -P d (40)
~A

However, from (38) we see that the right-hznd side of (40) reduces to

lP;:(p')H f)-H)()d1A'
l(p'0)+7f " 1c(;.0)H ! - '!5'j i~p')g l J-151'ldA .(41)

p AsI
By opening a slot A, in the uniform plasma sheath, we change the sheath current by

ic(PA) and the integral equation (41) defines this current. Integral cquations (?)and
(41) differ only in their right-hand sides. Thus the condition (8) on the eonvergnce

of the resolvent applies also to the latter. The eroth order approadmation to

ic(p.q) is given by

- (P |C ) r i(p)') lA-#'l)dA- (42)

By opening the slot we reduce i(p)O in the slot area A5 and assuming that we may

neglect i (p, 0) we obtain by a simple transformation from (2) and (14)

(2) 1 rr (2) .f
,F-(r,)-A 3 H (ko r, uIyo i(r')Ho .,r-'l)dA' , r>b

(43)

MeI
S I
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U ng the asymptotic [o.ms for the lianket firctions, we obtin

f7~ j~k- ~ ft jk r'cos(0-0')
E,(r.T)=- WIi l(r')e 0dA';_

As
r>>b (44)

and the radiaion pattern P AOL consistent with the earlier deflnition in (27) is then-

P5 0) ~ l(rt)e 0 dAt krcs~' (45)

It is cle.r that including the current 1 (rg) in the approxlatton we obtain for
the radiation pattern

P (jS) - lr')e 0  [)J (0 (r.,) e jk r'cos(O-0') -Us JjAip .) (46)

__Equation (45) shows us that openingt a slat amrounts to adding to the existing cur- 3
rent its negative, 1. e. to make the total clurrent in the slot area zero. For over-

dense plasmas I P << I ad the negative current in the slot ar ta then dominates the

WE ~radiation pattern. We believe that (45) gives -good approximation to the radiation
patHrn whenever l(r) penctrates into the sheath. The adding of ! )(r,q) to the

patr CrUMo h
- radiation pattern P_0) in (46) is not so much to improve the apprxdmatlon in (45) -

qzs to provide perhaps a means of feeli-g ot its bounds of validity. Whenever S

__ W MP ) (r4 47)

one ca:-% reasonaby say that (43) gives a good Approximaiion to the radiation pattern,

If the slot is a wedge slot of uidti. 20. then the doib!e integral in (45) may be

transformed into a series, and we ohtain for the radiation pattern

I N-:I
S-

-- 2U,
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a)

P5 (9): P0 -2 4  it sin(A0  n 48

where

2, a , , ..

andb

koa

It is clear that the p-stten is an even funtIon In ~.The variable Is rncastired

from the center of the slot.

V NUMERICAL RESULTS AND CONCLUSIONS

In Figs. 2, 3 and 4 we present the radiation through a tniform plnam-& sheath

for Y=O. 01, 0. 1 and 1. 0 respectively. With Y=O. 01 the plasma is only slightly

lossy. With Y=1. 0 the plasma is very loasy. The inside radius ol the plasma sheath

has been kept a! one free space wavelengtIh A., and the sheath thicknees has been-

aktaken up to 3k . The plasma parameter X is varied in steps frim 0.25 t. L.0.-

In Figs. 2 and 3 the calculations have been carried out wsing te exact formula

(27) for all X values zxcept X=2. For Xr^ cak- lation we used the aryMptotic form

128) with d1 set to zero. The same asy aptotic form was used for all calculations

in F& 4 Th asmptticform for P0 ;ave excellent agreement with the exact re- R

-- sufts inFigs. 2 and 3 weeIt was applienabie, and sur-prisingly little disagruerncnt,

even for cases (e. g. Y=0. 01, X:1) where the arguments of the ylv- functions

: zefa:oosal o the :iank*el asmtoi ofn r the beVad

The processes that inhibit radiation through the sheath-arc reflections, ab-

-a -_ _ _ _ ttnato, n
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.01

2 [' 1. 1.05 1* I

0 0.5 .0 (b-a)/.Xto  1.5 20 2.5 3.0

FIG. 2: RADIATION GRtAPHiS TU[OUGH UNIFORM P;LASMLA SPEATH VS SHIEATHI
~~TIUCKNFM FOR afflkyo Y=0.01 AND X AS A PARAMETER.
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FIG. 3: RAkDIATIN GRAPHS THROUGH UNIFORM CIRCULAR PIASMA SHEATH

VS SHEATH THICKNESS FOR a=lX,, Y=O. 1, AND X AS A PARAMETER
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2 2 1.0

.001. 7- I
0 0.5 1.0 1.5 2.0 2.5 3.0

(b-a)/X0,

YHG. 4: RADIATION GRAPHS THROUGH UN IR C)rTJLAR PLASMA
SHEATHl VS CHEATH THICKNESS FOR a=i'?Lo Y=1.0 AND X AS

A PARAMETER
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each case we may identify conditio.is where only one process is primarily causing

the' attenuation. Thus for X 472 and Y=0,01 we see, in Fig. 2, the radiation graphs
oscillating because of the reflections. A3 Y increases to 0.1 in Fig. 3, the ampli-
tilde of the oscillations decreas.-s, and for Y=l in Fig. 4, the oscillations are practi'-

cally gone; but now the graphs have assumed a dowaward slope. This is caused by _

the absorptive attc. uation in the plasma taking over and eliminating the reflections.

Also, we see that we get quite a bit more attenuation for very lossy plasma (Y=-1)

than for very low loss plasma (Y=0.01). For the case of X >82'the opposite is true:

low loss plasma causes more attenuation than a very lossy plasma. This is due to

the effectiveness of the if.active attenuation.

In Fig. 5, we show a 360 wedge slot Li the plasma sheath, and in Figs. G to 14

we present the radiation power pattern t 5 )Ical--ulated from (48) for the sheath

thickness of 0. 5Xo, 1. 0o. and 2. OX. , re-spectively. The inside sheath radius is

kept at 1. 0 o. The graphs have been arranged in sets of three: Y=I. 0, 0. 1 and
0.01, and X is a parameter in each set. Since the power patterns are even functions

il l, we have plotted them only from 00 to 1800. By the constantlines we show the

attenuation in the power radiated before the plaoma slot is Introduced, i.e. the 

radiation power pattern for the unslotted plasma sheath. Thee lines are obtained

from Figs. 2 to 4. In some cases the attenuation is so large that it is off 3cale.

These values we will give in a note. As a way of czlibration we mention that the

radiation power pattern of unit amplitude would correspond to the electric line

source radiating in the free space.

In Figs. 6, 7 and 8 we present the set Y=1. By opening a slot in this very

lossy plasma we have, for all practical purposes, re-established radiation in the

forward direction, i. v. 0=0, independent of the sheath thickness. Outside of the

front lobe there is no significant recovery of the signal strength. Increased slot

width, the calculations will show, narrows the front lobe with some additional gain

-
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FIG. 6: RADIATION POWER PATTERNS FOR 0.5.ko THICK PLASMA SHEATH W (TH
360 WEDGE SLOT, Y-1, AND X AS A PARAMETER. The parallel liv~es i

ME are the corresponding patterns for the unslotted case.
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00450 900 1350 180

FIG. 7. RADI&TION POWER PATERNU FOR l.C).0 THI K PlASMA SHEATH

WITH 360 WEDGE SLOT;,Y4, AND X AS A PARAMETER.
Paralel Huesc are oorrespooding pafterns for umalotted case.
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FIG. 8: RADIATION POW'vER PATTERN FOR 2.0X THICK PLASMA SHEATH

WITH A 360 WEDGE SLOT, Y = 1, AND X AS A PARAMETER. The
naraliel lines are the corresponding patLerns for the unslotted case.
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FIG. 10: RADIATION P0OWER PATTERN FOR 1.O0X THICK PLAS16A SHEATH

IWITH A 36 0 WEDGE SLOT, Y = 0. 1, AND)X AS A PARAMETER. The
parallel lines are the correspgoa-ding patterns for the unslotted case.
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141TH A3 NP %2(E SLOT. Y =0.01. AND X AS APARAmETER The
parallel lIJ-W a-e Otb'orrespondirng pailerns for the unsloted case.
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LAi the signal. stieagth for,0O. If we halve the slot width, V' - forward lobe is con-

isiderably reduced with no benefsIt for the ret of the pattern.

In Figs; 9, 10 aMi 11 we present the set Y=0. 1. 13y npening a slot in~ this

sheath of 11wedjuWmoasy plasm~ we ob.3erie that for X < 0. 707 the formerly u.ni-

forzA pattern breaks Into osclls~wcs. The radiation is enhanced alightly iki the

for~n dire~on.Thtt oscillating charaoer, for the putt 3=n persists as X is in-

In Fse4, . 2. 1 do ant 14rwear n tde st forme 01 te rane o " l oss

skdmaioz in comntst or this on te ar ssama theah.ectnforf

grp- Wsetsc~ cdthve xm~n re i -Vce to Ara do aesomnthng

'dotWarlne Fore for0.70 the Y1set. in-rvthc e aato vrrus a for y: aa00

- 56t5 nn o he miace witta s o . Hw~,teei odutta oiatfr

In-igs 1o2e woul deep 14 we pinresed bheyoetY=. Only (4. e. a o they "lw lidM:
- ,aoinai ikaa Trk ca se or this se aresbtnih. h aaea o h

The seets ofdawe have b presnted astor er calcullatingth raito patte nteng

1lotted las heahmeke fseor the Y= et. It csaurrei theto plasm an efreth

aeiotispend. Iiave ws fbme.Howhlchr, thee odotthet admiantfor-

- pe ntera n w it We acuacy onl ifr tic seth.urnssifcin~ eert h

plf-lasmA sheath mke usenutof the ielctcrentdn h plasma hethforie the b

mdton for the pafttra As -i whole. H~owever, ope eceta that the forward lobe will

- j ~be giver4 to a good order of approxlmstian even ror sonmest larger attenuation



• __ __._ _ _ ,,,- - i -~rIf

I.

145

N

- THE UNIVERSITY OF MICHIGAN
5625-4-T

p_ than 20 db, as was shown by calculations performed in (46)

If the attenuation of the unslotted plasma sheath is such that the radiation

through it is practically insignificant, we then find that the electric currents pene-

trate the plasma only a small fraction of the free space wavelength. If we open a

slot in the plasma under these conditions, the slot in fact becomes a waveguide

which connects the sourct with the outside space. For suitable slot boundaries one

can show that a finite number of modal fields can propagate in the slot wavegude.

These modes may be used as a basis for calculating the radiation pattern. Work is

in progress to exploit this waveguide approach fNr these cases where the integral

equation miethod becomes too cumbersome. This work will be reported as Part 11

of this study.

The two significant conclusions indicated by this siudy are:

1) Opening a slot in the plasma sheath re-establishes radiation in the forward

direction to a substantial level.

2) The plasma slot should be at least one-half wavelength wide at Its narrowest

cross section when the electric field is polarized tangential to the slot walls. In-

creasing the slot width beyond one-half wavelength brings only diminishing returns

as far as the radiation enhancement in the forward direction is concerned.
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V. ThE EFFECT OF A FINITE CONICAL PLASI' SHEATH
ON THE RADIATION FIELD OF A DIFOLE-

ME . C. Prit'nore-Brown i
RAerospace Corporation, Los Angeles, California

FI
ABSTRACT t

Thc plasma sheath that forms about a reentry vehicle is

simulated by a cone of finite slant height and negligible thick- I
ness. This cone can support surface currents that are induced

in it by a Hertzian dipole antenna situated on its axis. The

radiation pattern of such a structure at wavelengths long con-

pared to the slant height is calculated using a Lobedev-Kontorovich

integral transform together with the Ifiener-1lopf technique. In

the opposite limitj the radiation pattern is obtained by a pertur-

K bation technique. Plots are presented showing the effects of

sheath strength, slant height, and antenna frequency on the

patterns.
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I. INTIWOUUCTION

The present study is one of a series I 2 undertaken to gain P better
understanding of the role of diffraction effects or antenna pattern

distortion in the so-called blackout problem. This term is commonly

used to describe a sharp reduction in the effective transmission of infor-

mation by radio between a reentry vehicle and a ground station. This
reduction is observed as the vehicle enter he earth's atmosphere and

becomes enveloped in a sheath of partially ionized gas or plasma. It is

due partly to the ability of this plasma sheath to reflect electromagnetic
waves and so alter the radiation impedance of the antenna; partly to the

sheath's ability to spread waves into new directions, thus causing antenna

pattern distortion; and partly to the fact that the plasma responds

differently to different frequency components, which results in phase

distortion. There will also be an additional damping of the signal by

ohmic losses in the sheath, but this effect should be small in the case

of plasma sheaths that are very thin compared to a wavelength.

As in previous studies, we shall restrict ourselves to a point-dipole
antenna that is driven by a constant-current source at a single frequency.

Thus we shall be mainly concerned with antenna pattern distortion. Two

previous studies considered the case of a magnetic dipole antenna and

an electric dipole antenna located axisymmetrically within a thin conical

plasma sheath of infinite extent. The plasma was represented by a current

sheet whose strength was calculated on the basis of a cold electron plasma.

The results of these two cases showed that the electric dipole antenna

generates a strong surface wave that carries most of the radiated energy

out along the surface of the conical sheath, whereas no such wave is

produced by the magnetic dipole antenna. In fact, it is clear that the
magnetic dipole indu;es purely azimuthal currents in the conical sheath

that are confined to the vicinity of the source for long wavelengths,

X
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whereas the currents induced by the electric dipole run up and down along

E the generators of the cone. These facts suggest that the adoption of a

mere realistic model, consisting of a cone of finite slant height, may
profoundly modif" the radiation pattern in the electric dipole case,

particularly if the wavelength is comparable to, or longer than, the cone's

slant height. The present work is concerned witn this case.
The proolem is c-olved by IWiener-lHopf techniques using a Lebedev-

Kontorovich integral transform. It reduces to an infinte set of algebraic

eq-atiors which can be solved by iteration in the lo-frequency limit. This

methOd has already been employed in the problem of determining the scattering

of plane acoustic waves by a rigid disc3 and the impedance of a biconical

antenna.4 In the opposite limit, when the slant height is long compared

to a wavelength but still finite, the problem i solved by a perturbation

technique based on the known infinite-cone solution. These two techniques

j jare used to calculate radiation patterns that show the manner in which the

ijj distortion fades and the radiation resistance gradually resumes its free-

space value as the slant-height is reducec from infinity to zero.

- I

S I
Ii

1
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i
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1!. ANALYSIS

We consider the radiation field of an elenontary electric Hrtzin

dipole that is located on the axis of a thin partially-conducting

Iconical sheath of finite slant height b. We adopt spherical
- =coordinates centered at the apex of the cone,which then becomes the

surfaca- 8a00, 0 r j b (Fig. 1). The dipole source
is at r a a, 0 v 0 and is oriented along the cone's axis so that the

problem is axisyawtric. Since then all currents are purely radial,j. it is easily verified from Maxuwll's equations that we can express

the fields in terms of a single scalar potential ,(r,o) such that

Using KS units and suppressing a common time fac-3r I- we then

find that 11(r,a) Satisfies the taive equation

(V2 . k2  U(r.6) a P.(2)jwhre - w2 cO. The nonvanishing field comonents

I r j~n (sine (3)I
Ee *r 2 (4)

r r 3-0

I * ~ 30 (7
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NOW the current density J w J(r,O) r is made up of the antenna

Curent and tho currcnt induced in the sheath.

J(r.0) a-Li 6(r-. a) * (r,O)Er (6)

lfore p is the dipolc moment of the antenna and o(roO) the conductivity

of Zw Acath; o(ro) is taken to be zcro everywhere except at the
-ath itsolfwuhere it is assumd to be infinite in such a ways

to n jIy- induced sheet currents. Thus, we write it as follows

o~r,e) (iUC r) U ! L(b -r) 6C(8 eO)  (7)
0 Ssineo

in teens of ts 4=4nsionless sheath parameter g, the step function

U(b -r) (a Ifor r 4b. 0for r zb)and the delta function 6(..,a
It can bi shcwn thatvin terms of plasma pareaterst

d l p
- - sinOo ( ) V

where wp nd vc tri %!a n a electron collision frequencies, respectively,

-I d i the thrath thi qs. In the calculstions we shall ssu that

VC 5 0 and- (%/r), - -onst.which sakes g a positive real constant.
The rapr~sont~tico. oE a th n pla~a slab by a current sheet in this way

i ¢was first ,used by Wt .

Tho solution- t:o Ej. (2) ca. be ropreseted formally as the solution

to an intagral eq .lon

-A:L ouinI
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Vol. I-'

U~R 21r~ ikir-r'I.
dr oeI 7 0\fl(r.O (9)

11r whe havesbt iue fof loJ fromle t s. (6) ad (7); R iis te deotre-to-
r tecivebdimasoni i.1 e! n ehv

I~=S Xe Wer~Lc the notti
supp r a fao " 2 dpO) fo convenie(10)

-A Athough of e himga eqato (9) becoanere eatl n cs

EL-ofa Uinfiit con U(b * it' ~fdoe nt pear' to be posil od oi
geneul. n tis p wepresnt n anlyss whch ield th soltio

in th0ii fln aeeghX3) .Pn3wl edvtdt
th-cs b a

Weitodc h ntto

73) /ek (0

2,Il- 'Nr'12 d
f- r,7rU7

-40



Thlis Cquj1tiOn expresscs I1(r,fi) at any point in te-as of the values Of

0(*r) on the sheath. Notice th~at *(r) -r~' a r0 s
goi~r) is Proportional to tho induced current. If we oprate on botJk sides
of Eq. (13) bycP< and let 6 -9 0 we obtain tho following integralj
equation for or)

I~~ ~ (r) 4 (r).Z d'r'41) -
r G6(r.6r'0) r .(4

where we have introduced Grr') -k:11. Spectral Analysis of the integral EM!ation

We now obtain the Lebedav transfora of Eq. (14) by multiplying bothI sides of it by X (yr)dr/r and then integrating over r from 0 to -
flare K (yr) is a hyperbolic Bessel function and y - ilk. 7he result
is, fornally

j247r) x (Yr) M f00(r) KvYr) ' J# .(Yr)]~ G(rjrl) *(r')I

(IS
EThese integrals will converge provided r-1 #(r) K (-Tr) is integrable -I at the origin. We return to this point later.

A Ie netintroduce tefollobing integral representation

(d 1/2) (6

IUI 
i z

5I3-



which can be deduced from the well-known expansion for the potential

of a ring source
6

n-0

(17)

This expansion converges for all y (real or imaginary). Here ., 6>

stand rcspectively for the losser and the greatex- of 0 and a', and

similarly for v., and r>. To establish the equivalence of Eqs. (16) and

(17), notice that as l - (1,** 0, * 1, 2,...)

Isec UWP IA.1/7(coxe<) Pu.1/2(-€osO>)1 [ ' I G'i__P-1 IM (0> O I~e<] (

[sea Appendix A, Eqs. (A-1), (A-2) and (A-iJ)). so Ea lG) converges

absolutoly, provided we assume (tomporarily) that y z -ik is real.

Futhermore the integration path can be closed by a semicircle at

infinity in the right-hand plane if r > r. If this is not the case,

one can appeal to the relation isoe Eq. (A-3)] which exists between

t hyperbolic Bessel functions to show that for any even function

f~p) [such that f(p) v -f(-)]

ff(I I(X) K (y) - IMcy) y(x) IP du a 0 (20)

Consequently r and rl can be freely interchanged in Eq. (16) provided the

integration path is takeni along the imaginary axis (c ., Finally

use of Cauchy's theorem together with Eq. (A-11) leads to Eq. (17).

I
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In

From Uq. (16) we deduce also the integral representations for

iC(rr') and ,(r)

G(rlr') - - x -s(

4o(r) 1 ) P2 (.cos )i, (yr)K (yr')

CfO~ Ct 1/4) P1  ,2

c 1/2) (22)

Hlore we have used the fact tl:at (. t 2 
- l/4)Pu 11 2 (cose) - 0.

Lot us now introduce Eq. (21) into Uq. (15) and raverse the order of the-

p and r integration. The integration over r can then be carried out

limmediately by virtue of Eq. (A-8), and we find

f iL K Cyr)G(rlr') . ud
) r ) --- -- 1 ... .

0 ci

(1/2 c a Re(v)i

_W -1,4 p (23)
~~~~cosyI Pv-/2 (cOeo)Pv-l/2(Co) ( r )

Similarly,
r4 v (24)

• r Y"vyrl*o(r) ",cosv Pv- l/ 2 (.cGso )Kv(Ya-

~21

-ii
UI _ _ _ _ __ _ _ _ _ _

-- --- =--



Net

Jioro the integration over u was performed bynoticing ta eas

the intogrand is odd in us the integration path can be closed on the
im~ginary axis* Introducing these expressions into Eq. (1S) we find-

jbf%(r) I, Cyr) rr 9 (yr) vr. ()K(r dr

CO VIf0 r rb V r V

(25)

-~ -Iwhere

2~4 I ~v) cosVT 2_v .)1  1 co6)P 2(cs ) (26)

111s bis an integral equation involving two unknown functions of v,

viz., t f v(rY(yr)rl dr andjC (r) K (yr)i r ci r. In general we
mutrsott complex.vral techniques to-solve it, but first let us
copnsider .he limiting case of an infinito cone (b 4

2. Infite-Cone Limit

j4 Denoting this case by the subscript we have from Eqs. (24) and (2S)

O.r (Yr) D(V *v-1 v-1/2 (-cs)X y)(
P0Cso)"(a

-~ Incroducing Eq. (16) izito Eq. (13) and mnaking use of Eq. (27)1 we find



A.r

1/] dr '* .~p

IIHrG 1(r.0) (raY)"'gf M '01p/cosod

u-/2 ZcseP l a-1/ ''u- X Is(y

v-P1/ 2 (-cosOo)1 ('yr) K (ya)

* ra 1/2  .- Pul 2 cos)P,. 1 2(Cs) 1(I) K(

.. ~.. P1 -112(coso 0 o'

Hir s8>reetio ha anredy be stCoipdrison dheft inteal weiths .

pa1 2 and r it6 wavalssh that it cl canbels1 ex rsd a s e ao oert
th.rotsofD~a)- . hee eig he rdrsofthseL~enrefucton

wit
p cs OII/ d 12 Pt12

(yr)_ LIYA
r A P P u1/2tos7%

j.9- ---



~1 158

1 2(*coso,) that compose the natural eigenfunctions for the infinite

cone. Ono rosult of that ttudy that 'amust make use of In the jpre~'ot
paper-concerns the behavior of the solution in the vicinity of the apex
of the conb, naely the fact that *(r) ~.const rc as r -0 where

lP.e(v 0 ll and tbv, is that pair of zeros of Eq. (26) which is nsrst
the irsaginary axis. If w3 allow a small amount of dissipstion in the

sheat ov ta up th ad coffindnlg < soution t q. (27 on
the al c ,adei ofact c of 0niom asl hegh b. Tonc do is

een-d Eq. (27s mas at theer-Hpbe~ nd &try topj x~ont achinf the
terapeari inhr itp as s o zrous Nof anti fuctio of 
nea the are muotobor iic thaover a .pingmhahfch wce ooflthe o aptex

is plnea b e s uitly a t de inftint.srp1O 1 ~( l

Ce oside irs the scoind in te a in uont Eq. (25)7ceK ) is n e
tegeral uctieo n of inie that theitreTof this werm

vsn thae asympic for oveKrp in inf-pae Eq. (A-5 wefid splvi

3* VinrHp Decmpsiio

r ___ r -r (29)_______
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Thus the behavicr at infinity is determined by that of #(r) near

r - b, and this is given by the edge condition7

e (r) . (r - b)P as r- i
b

d (3- ii
where p 1/2, the equality holding for an infinitely conducting cone.
Thus we write

b(r) ,,(yr) . r "c) €.(3)
b V r (,b/2v

where im(v) is an integral function of v. From Eqs, ',29) P"

(30) we deduce that 6e(v) - 0 as lvI - - in any right-hMd half.pla4n,

ii (iV
In a similar way consider

*(r) v(yr)T' dr r(v)r(-v) *(r)v-V( V

dr 1 If

r (v) e-(v) r(-v] t6( (32
oV

(yb/2) V

I As pointed out in the lWst section, this expression is holoorphic ii

lRo(vl " c and hence, by symnetry the first and second terms on the
I right are holomorphic respectively in the overlapping half-planaes

IRo(v) -c and Refv) < c . Furthermore assiming the edge condition .:
S §(r) N conn as r -- b we deduce that

e,(v) -0(v 4 ) in R(ev) C (33)

IL

a II

|I
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It renains to consider the coefficient D(v)/cosvw. We should like

to be able to write it as a' ratio of functions holomorphic respectively

in loft and right half-pianos. Now it has been demonstrated 2 that for

real g D(v) has simple zeros along the real axis which are in one-one

correspondence with those of cosyw. In fact, denoting the zeros of D(v)

by v. it was shown that

*Vs M s + 12 +6, sl 1,2,... (34)

where 0 s c 1. In addition D(v) has a pair of zeros situated near

the imaginary axis that we denote by * v Thus D(v)/cosvi has si le

zeros at v a * Vs, s = 0, 1, 2, ... , and simple poles at v ( * (s + 1/2),
s 1,2,.... (The zeros of D(v) at v * * 1/2 are cancelled by those

of cosvw.) These facts suggest the possibility of writing D(v)/cosvl

in terms of infinite products

I o o(ivi O) + f / vo) -V/Ve) 0'(-V) (35)

I(V) +U E V/72T V 6
Sol Sol 3 * 6_ (51/2

(36)

It is clear that ~'(v) converges and is non-zero for Reiv} 2, -3/2 and,
furthormore,that it tends to zero as - in this half-plane.
To deterine its ruo of fall-off at infinity consider the asymptotic

-_2

-- - - - - -

NI
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rm of D(v), given by using Eq, (AIO) in Eq. (26)2I
n(v) v cos(vO - w/4) cos( o - w/4) (37)

0(37)

Sv tends to infinity along rays making a finite angle with the real

I

CY, - IV1 IVI -- , Irg(v) - 0,: (3)

rom this we can deduce that

P M - O !(vll1/2) in R{ } ' -3/2 (39) 1 _
We new attempt to separate Eq. (2S) by multiplying by (yb/2)V/r(v)

md making usa of Eqs. (24), (31), (32),and (35).

- ( b/2)2 v )

[D (0 v/v) )~(v)] (v -- 1//4(-09) (a)-1

) (40) A.4
The first term in this expression is holomorphic a-.d O(Ivi"'/2) in J
ROM < c. The remaining terms will only tend to zero in the right-hand
plane provided a > b, but they still miss being holomrphic there

bcuof thS i simple pos (-v) r(-) and 1/cos v in this
revon.Mau itis ot ossbleto transform Eq. (25) into a finite

K-
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algebraic equation which can be s;olved by an appeal to Liciuvillkls

theorem. Instead ono must subtract out the residues at these poles so
as to obtain art algebraic equation with an infinite number of terms.

The restriction a > b according to which the source is excluded from

the interior of the conical sheath was necessitated by the fact that the
last torm in Eq. (40) goes as jvj (b/a) "eXp(-j~m( v)80j as jvj

in the right-hand plana. Fortunately, however, the radial component
of the elactric field, Er w -r 1  *1 satisfies a reciprocity principle

(see Appendix 3). Consequently we can use the results of the present
analysis applied to the case r < b <a to obtain as well the fields

in the reciprocal case a < b < r, which is the one that interests us. II-I Wo remark parenthetically that if it is desired to have a formalism
which applies to all cases (including the remaining one a < b, r -Cb), 4-
this can be done at the cost of om extra complication by subtracting4

the quantity

D~v) drdr
*(r) r- + ()~ y)cosVT r v rI from both sides of Eq. (25) to yield

D )f'(r) Kjr -JrT(r["; r,, Cyr Ar -R Dv f' .(r) Y,(y r) rL
coswj r r cosVw*10 b LJb

(41)

Whaerf I;r) 0 (r) - *.(r). ften this equation is multiplied through by

(yb/2) /r(v) the last term will clearly go to zeroua jI-' in the
right-hand plane for all b.

AMI

IA
A

Mg I
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We now return to Eq. (40) (with a b) anti put

(1 - v/v0) (-f(b/2)2 e(-v) le(Vk) *

I (O ) b /2 ) v ,2 - 1/4 )p v '

D()(1 + v/V) ZO'(v) r~v) cosvw i 2 cs 0 (T)Q)

w'here

I~'I ~ (-n1/2) (-fb/2)__ (44)

na - ( njt)

Sb~ n j v (45)

- neljZ (46)

j Here

nar(-n 1/22L( *~2 (47) V
a 07

1 n-- 1)7 PCnfmsoo 1,2Y (49)iin I:7C-r277--- K*1(
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alu4 V., have Put (1 - - LMv. Also
I0

I.' ~ *1/2) * 12{(. 1/2 )]~)

-c ~) 6m arecle1arly "plus" flmctiOns (hol ~rt and

tending to zeoin Ro(vj z, -c) while t'ad-av"iu"fntos

agt*we riz-Eq. 40 intheform

J C4)L" v) C~v)L-v Qv)S)

-~--od coniclud -9Ma Lio-villo's the,;,rem that J (v) -0. Hence we find

;q viei4todcng Et~s. j44) through (46)

L~v)~() *~ a(-n -1/2) 2~

nZ

- ( 1 b/4

*!~ $~(~!~) -3

IA



__ To solve this equation we assume a power series in (Trb/2).

Or n=l

end then equate sulrcessivc powers of yfbIZ to transform it into the

following infinite system of equations

a/2-1 1 9

MEL(v) E n (v) Ex1/2 £n-2m-l (-,-lI12)

(n /j2  b-a
n n2

re n l,2,... (3

Here the integral parts of the upper limits (nIZ-l and (n/-1/2 are
Ito br. understood. Solving the system of equations by iteration and

then substituting into 1;q. (S2) we find

EK

M

M 
A

IN

7--
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L~)d~)*~ T (yb/2) 3/2  2 /2 ) /

~f52(yb/2) 5 "

[C. R 13 CV1 r ] (yb/2) 7

I Notico that e((v) is essontially the L-K transform of the induced currentinCeshah e turn next to the task of expressing the radiction field
in terms o 'v

4. TheO Foual Zt lution

The scalar potential1 U(r,O) is given formally by Eq. (13). If in this
expression 4o introduce Eq. (16) fr&rdr,)w mae ute of Eq. (32)
we obtain

u~ro) 11(r,O) 4.(ra)'1/2f.f.~L 1 2 cs) -oe)~r

r 
- (SS

I-Ib2p(b2'

A
WEL
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flaking use of Eqs. (3i), %42), and (50). WO cM rewrite thisI
~ rasult as follows

U(r. ) H (r,O0) +(. 1/2 0) (0 d-p;12csdp-(-CO'SO)

in which form it ic clear that the U~contour can be closed in the riaht.

h ~ fEs 4)and plan) itvie i.Teonypls aeal vife tha this duedu e

an tpwpweeDI .Tecontribution from thesooe xcl acl h isrohe rig

Ur -(ra) -1/2 2D() n + 1 2 .n(cOs 4 ) Pncoe X,1/(rr)
nal

- LC-iz (j + 1/) Crl ) 5?
L(n-12,(yb/2) n*1/2

Onmkn s fEs 4I-n 4)i sesl rfe htti eue

toi th aisepninfr-IrS s ie nF 1)ad(79Tu

I(p L~)bc(T(ybi)



where the sumtion is over the roots of O(p) 0 . Notice that there is

no contribution from the second term in the integral in Eq. (SS) since

Lfjs) e"(-PS ) a o.

As a partia check Of this vesult consider the limit 0 . in

this limit it is essily $e~n from Eq. (26) that for the s t h Voot

- - -

s .S s - 1/2--L s(s + 1) p (co ) 2

ia nd from Eq. (51) (since an - 0)

L C~v e (1 s) -' 6 s1 €;_(yb/ 2) s+1/2

wer c- is given in Eq. (49). Introducing these results into Eq. (S7)

it is readily verified that 11(r,O) -- Ho(rO) as it should.

We now have a solution valid for the receiwr inside the cone and

the source outside. To obtain the solution in the reverse case ---osource

inside and receiver outside --- we appeal to the reciprocity theorem

N- :e(Appendix B) which allows us formsily to interchange source and receiver
coordinatea in the radial component of the electric field. According

..... to Eq. (3) this component can be computed from Eq. (S7) as follows

la P (4a ,22j° O u P-/p 2(€°szed 1

-0 Fa

181A

II
L(ra 5 d(-ua) -p 0.(pILI2(C30, I1 y/)

C: bnt Eq ()
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lere . (sine a), and we have reinstaced the factor

(p/4wc a) that was suppressed after Eq. (9). In this expression the

receiver coordinates are contained in the term P -1/ 2 (cosO) I(yr)

an, t,,i- -)urco coordinates in L() te(f) and hence ultimately in the

cc.;Lc.f nts c. [see Eq-. (49) and (54)]. It now becoss clear that

in order to use reciprocity we should have fuislated the problem

for a ring source instead of a point source. The reader will readily

verify that if we had done so the resUlt would have been to replace the
source term Kn(ya) in the coefficients c. in Eq. (49) by en(cos) Kntya),

%here a is the angle subtended by the ring source. (Notice that as

the ring shrinks down to a point, a . 0 and Pn(coso) o 1.) Once this

is done we can formally make the substitutions r + a, 0 + a + 0 in

the receiver crordinates in Eq. (58) and a + r, a - 0 in the source

coordinates. Finally we can operate on the result by -r &-1 to

obtain the scalar potential

Sl (r,0) - -a (ra)f'/2 2gD(O) A(p) t-1 [L()e*((a)J (59)

where

--11 p r(.) I (-aULC-w) (60)U p-1 /2(-Cos0e) ('b/2)0 (60

This form is now valid in the range a < b < r. iere L(utk () is given

by the right-hand sido of Eq. (54) so eventually operates on the

c nn (which are now functions of r and 0). Thus if we .ntroduce the

c (1 Cn (I) Pn(cosO) Pn(cos) K ()-Ch Cn nC M/) ,0./)-j~~nl

(61)
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I

S, The Far-Field. Raiation Pattern

i To calculate the field at tale distances from t.he cons we use

the asym ptotic€ form In~l/2Z(lr) u Cw/2yr')1/  C' for' the radial

functions apearing in "tho . This allows a radial factor el1 "Y

e betat t he tor te(xpression for in q( 59e) which we then brt

I S~~btig tn si.o q (54)-an wit of c .r (Sace byr [.(s  " s
forma . i l srll lws i al fn aor in y___

lC) "" I-e -f (62)

The angular coefficients F (0) can be famid by equating successive

power of Yb in~ __

I "'(*) 1/2

Substituting the rigt-hand side of Eq. (S4) for a [La)(u)

with vreplaced by u e d by2! given in Eq. (61) w9 find for the

,(o) first f-. coefficientsI ~1/2

F2 (O W7 la -( 2(cose.) P2(cose)

I

I
E

.-I

-I

U._ -... -- -..... ............... .. ...... .-, .. .
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/ I2
~r (;, P (C03eo) P-(O8

- /2 2- T6 ~ P, (Coseo) P, (COSO)

1 1/2

I0

F4 (b) -IA:2~ * P4CO) P4(OO

L (32) f

:q

Tho intensity. as given by the radial commoent of the Poynting
flux.

-i I

r

~ I becomes in the far fiold

Introducing Elq. (62) for fl wo write this as follows

COa
r CFO)(4

IT1F-a

I4

M MRip W
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I
in terms of an angular diatribution factor

2

F(8) F Fn(-ikb)n (65)

Hire we have reintroduced k i ly.

In the absence of the sheath, i.e., as X * 0 it is read~ly verified

that

F n.ee) (,b) n -, (i,/Zya) 1/2 F, (2n*I)Pn (cos0) xn./2 (,a)

which is tha expansion of the plane wave exp(yacose) in spherical waves.6

Thus it follows thv.t in this limit F(O) * sin2 O which is the free dipole

distribktion.

6. Numerical Work

To compute the angular distribution factor F(8) given in Eq. (65) it

is necessary to ovaluato the coefficients Fn(0), which art the derivatives

of tho expressions given In Eq. (63). These involvo the infinite products

L(-p) and the infinite sums S(p) a A(u)/(i-p) for various integer and

half-integer p's. The first 30 roots ps of the dispersion equation D(p) a 0

together with the derivatives D' (Ps) and the corresponding Legendre

functions PI 1 ,1 cos8) were obtained on an electronic computer by the method

outlined in the report of Ref. 2. The infinite products L(.p) (1 * p/ a,*(p)

with.r(p) given in Eq. (36) were then computed as follows

[II
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P/ (s + 1. 2i

' uo1 sI p/Cs4 12 * + 6

vo/s1Ll P/ (/s +*1 fml

with 6. (1/17)(s + 5)mod  8 i.e., 51 g 619 37 .. 6/17,
6 2 a 6 20 - .. 7A7, etc. This expression for" a 3is the asymtotic form
(for largo s) of us - (s 4 1/2) which is obtained fna Eq. (37). The last

torm is an approximation to

rl p/C(s +l/2 01 - (p/2) ;.Is2)

sf49L P/ts Js349P6* l 2

Ts---'T72 ( /2- ]I-

(in the t.hird stop w- replace 6. by its averago value of 1/2.)

a2

- rp8 2
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In terms of these quantities tile infinite sumA S(p) A'u)/iIz-p)1are easily computed using Eq.(60) for A(Pa). Notice in this expression
that

YLu .2 /aka/ 4

it LU + 1) (U IT
I (yb/2)"'

Copue VausO5(p) and L(..p) corresponding to the case ka *1/3,

kb an fo shathparameters gu0.l. 1 and 10 are given in Table 1.
Th eisEq. (6)unfortunately denocnvrefor lagrvaluesofk

sthat its use in computing is limited to situations urhare the wavelength
is larne compared to the sla7rt height of the cone. For such leng wavelengths
thas radiation pattern turns out to be practically indistinguishable from
that of the free dipole, although its level can be considerably different.
In fact, for the cases considored, the radiated power levels referred to

the free dipole lavel were computed to be 14.S db, 9.4 db, and -19 db for
I J £ a0.1, 1 and 10, respectively.

1 ~5. L"~I COM~ LUUT

In this part we make use of the known 2current distribution along an
infinite cone to obtain an approximate radiation pattern for a cone of finite
length. It is axptcted on physical grounds that such in approximation shouldj ho good for cones whosa slant height is long compared to a wavelength.

Let us return to the fluidamental integral equation .;q. (9) and rewrite
it in an obvieixz way as follows

fl~,L ir UrO - b f(r, 6) (66)

f
-ub

If
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Here fljr,O) is the solution for b = .It is clear that if we introduce

0it. place of ;CU(rO ) under the integral sign in Eq. (66)

the result will be to yield an approximation to Ji(r,e) valid for large b.
Physically we are rcplacIng tho actual current distribution on the cone

by theo one which obtains when the cone is infinitely long. This approxi-

nation could itself be introduced into tho right-hand side of Eq. (66) to

yield a second approximation, and so on, but we shalt not go beyond the

first onc.

fljr,O) can be obtained from Eq. (28) by closing the contour at infinity

and evaluating the resulting integral as a sum of residues at the zeros of

1 11V(P) (cf. Ref. 2). The result is3

r- V P -/ (coso )P v-/(-coso () 1
1 ' re 2*ikL, - ./ -- I-I P (rs (ka1 h ,/(kr)

1) I(V) v 1-/2 (os 0) ./ -/

(67)

11ere we have used Eqs. (A-1) and (A-2) to express the modifiedI
Bessel functions in terms of the spherical ones. The summation in Eq. (67)
is over the roots of 0(v) -0 where 0(v) is defined in Eq. (26). From Eq. (67)
we obtain the expression

~C~r.0).2z3I ~v v 1 4), P (-cose )jl (ka)h~1 ) (kr)
V D'() v-1/2 -,-.. ,1./2

which is to be substituted for en(r'.dtt0 uder the integral signt inI Eq. (06).

iS
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In the Uar field (r - the Green's function in Eq. (66) can be

simplified

2T 2w-J ~ xp *~ Ii-.t'I) - ikr t d~k"(i~sn'cs..).c6o84
0- Cx *'siiiecokr*&%foO

j u -~- ez(-ikr'coscos*') 0 (krlsinstinO*) (69)

Similarly the ILlazk~l ftmctions appearing in Eqs. (67) and (68) can be replaced

by the asymptotic values

h i(l) /2Cr i'-/ 0 *ikr
'i-2I

This mst clerly be doxw ir. Eq. (67), and in Eq. (68) it is justified sinceI ywe ame assuatnS that b is large. With these modificatiow we introduce

I Eqs. (67) ). and (69) Itnto Eq. (66) to obtain

.1/2 pv- 1/2 ' 'O4 )PV11/2 Cs 2

UrO u-i -V12(OZ)+Y

0 70
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Here the discontindty in 4b(6) has beer. exhibited explicitly with the

-'elj. of the ebo-Schafheitlin integr5a,. I is readily verified
that PCO) itself I's contiluous

+ov 2y.,,¢e - ; p~i/.Oo,,o, - .0-
1P(6" ' -'° -o__ __ _ _

,F(O Pi,(o% i8 sinO

Tq show this we have used the Wronsxian relation [Eq. (A-12)] and the

fact that v satiries D(v) a 0.

Note that fb(O) dopends only on 0o and on kb and is independent of

the sheath parameter g and rhe source location a. It has been evaluated
numerically for kb - 20, 00 a 10, and the results are given iix Table Z.
A table of the Logendre functio s PI112 (cosO) for g 0.1, 1, and 13 has

been furnisived in the previous report.2

.

jI

NI
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III. MUIAT.,ON PATLRNS

Figure 2 is a plot of the ra4iation pattern of the dipole source in an

infinite conical sheath for various values of the sheath parameter g. The
- i dipole Is driven at a frequency corresponding to ka - 1/3, and the cons angle

!F- i is 0o  10o'. 'fi dotte curve oollabelled g a 0 is the fr ee-space pattern,I a sl0. Ilatenyee l adt~f r e gie ndcbl eerdt that of
i I tho free-space pattern .t 900, that is, to unity. Thus the quantity plotted

~~that the presence of the sheath leads to enhanced power output (increased"

radiation resistance) for low values of g and to a surface wave which is

especially pronounced at interediato values. 7Tose effects are Oiscussed

at length in the provious report."

Figure 3 shows the effect of increasing frequency on the radiation
pattern labelled g a 0.1 of the previous fijure. The incipient formation of

lobes at the higher frequency is evident. The -adiation pattern is fairly

insensitive to frequency with the level proportional to (ka) 2 for (ka)< 1/3. I
Figures 4 and 5 exhibit the effect of finite slant height on the radiation

patterns. toy have been drawn for sheath parameters g a 0.1 and g = 10.

respectively, and the sawe cone angle, 10. The curves labelled kb v 1

(corresp .ding to X a 2tb) nave. of course, been computed by the scheme

described in Part A while the perturbation scheme of Part B was used to obtain

the curves labelled kb m 20. In this last case the siant-height is only about

3 wavelengths long, b •(O/w)k, so the numerical values say be somewhat in
error as they are based on .he first ter only of a perturbation expansion
in A/b.

These plots indicate that truncating the cone her p pronounced effect

on the radiation. At a slant height of three wavelengths the surface wave

is sharply reduced, and there is somo change in the total power output.

i _
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At a slant height of one-sixth of a wavelength the surface wave has

entirely disappoared although the total, power output i-s still markedly-i different from that corresponding to tf-e bare dipole. It is interesting that

the power output remains high for the weakly reflecting sheath (g - 0.1)

but it is greatly depressed by the strongly reflecting one.

I The tremendous variation in intensity radiated at different angles

j necessitates the use of a decibel or logarithmic scale to display the
entire pattern. However, the distortions this introduces are misleading.

Accordingly, different portions of the radiation patterns of Fig. 4 have

been reproduced on a linear scale in Fig. 6.

!I II ~ ~ACIMUNLDG4EN

The author is indebted to Dr. R. H. Huddlestone and Professor A, aos

- for valuable discussions of this problem.

A

I

.I

Mai

---- --



l 2. A. Haffos, Jr., R.HI. Ituddlestone. D.C. Pridmore-Brown and
E.C. Taylor, Aerospace Technical Rert TDR-269(5220-10)-2,

(October 1964),- also J. Math. & Phys. 44, (1965).

3.' A. Laitnor and.C. P.-Wells, IRE Trans. on Anter.nas and P ogaationp
. A-4 637-640 (1956), also B, Noble, Hathods Based on the.wiener-

i1 ]'opf Technique. Pergamn ress, London-(19S8), p. 213.

4. J. A. Maier and A. Leitner, Oesterroichisches Injgejieur.Archiv,

!1.3141-151 (19S9).

$. J. R. Wait, Appl. Sci. Res. 8, Section 8, 397-417 (1960).

6. P. Morse and l1. Feshbach, Methods of Theoretical Physiesp H4cGmawHill, i

Now York (19S3), p 1466.

IJ

7R1

06

um0



182

APPENDIX A. TABLE OF FO UJLAE

The modified or hyperbolic Bessel finctions I (W), K x) are

related to the cylindrical and spherical Bessel functions by

Ix) 1"0 J ix) i U  21x)1/2 (i (A-1)

• - J .l~/2(x -)

%(x).i, (1 ) . i wx) /

.j1 (ix) i"*1  / h C1 X) (-2)

and to each other by

Ku)x) P - , C x) - i (x)] (A-3)

Note that they are integral functions of p and that Ku (x) is even in u.

I They have the asymtotic forms .

I (x) (2wx) -1/2 *x ; K x) ( (1/2x)1/2 e"x  (A-4)

j for x ,, Jul and

0I (x) !2 2K(x) % r(-u) (A-S)

r Cu -) (x/2) (x/2)'1

for jut X.

II1ISOi
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From the differential equations satisfied by I (X) and K (x)

d d e 
2 ai 

2)ng,*0

(U "v1 ux) v x  - (vx x I (x) vx ]  ^7

I
Sd() 0 (A6)

ad- •X V A$

it follows, on multiplying the first by K (x). the second by I(x)s

provided Re{z-tI)l > 0.

The tegendre Pu°!/(cos8) is an integral syittric figtion of

Ii satisfying

I ( K sine . * - 1/4) P X 11 2 (cos) - 0(A-7)

ii

!ii _ __ _

f- _ _ __I._Is

na d henc
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and having the asymptotic behavior

P~ 12(caO ur (, i. 0 osvO-*/4 (A-10)j

UiI"" provided 0 e .

Wen u - n .1/2, n an integer

Pn(-x) - (-) n Pn(r) (A-Il)

and otherwise " n .1/2)1

4P 2 ) x (A-12)I- 2I(X)P -1/2(I' Pu'II(-X)P,,.I!2(X)

I I+

I- I
I:

=; 1 "
:I

I K

_ _ _ _ _ _ _ _ _ I
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APP1,NDIX S. 711 REClPROC1TY PRfLCPj

in this Pppemnix we vorify that the usual reciprocity principle holds
in thec prosenco of current shoots.

Consider two source distributions of current J1 ( and jQ)2 and I
their corresp~nding fialds 1, h!~ 1 a region~ V enclosed by surfaces

S. Then zho relation

A x Il 1 X42)" dS 2  2

follows directly from Maxwell's equatios on the assmptior that th.e sources

a have the sane hamonic tire dapendencs. If now we take the current sources

to be radial and to have the form

. of the conical ;sheath together wit h the surface at infinity, then this

oi.oE rr E i

KK

A
hi I

::'g I.

_ K



186

'WhOX0 tho integration is now taken over just one surface of the cone, and
[it, dotes the jump in If, across this surface. Iqposition of the jump

b)OWRIU7n conditiOns across this surfaca then causes the integral to vanish.I Thus we conclude that the radial component of the electric field is symetric
R in source and receiver coordinates.

aa

Ib
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a ble 1, Computed values of quantities discussed in Section A-6.

p L(-p) S(p) p L(-p) S(p)

-1 1.27 -. 2501 ---- -1 1.63 -2.66i ----

1 .875 .172i 11.5 - .9031 1 .79D .1.301 -.381 . 1.27i

1.S .830 + .245i 10.0 - .1991 1.S .73S " 1.80i -.446 + .8021

2.5 .760 * .374i 10.2 *1.88i 2.5 .644 *2.63i -.337 + .518i

3.5 .706 .4861 9.26 * 3.22i 3.5 .579. 3.311 -.267 .3671

p L(-p) S(P)

-1 -.939 ---

r 1 1. 99 .0128
1- ,i 2.38 0044S

2.5 3,03 .00272
[3.5 3.57 .00184

-.I

Table 2. Computd valLos of tho exprobsion defined in Eq. (72). M

0 10 30' 50 70* 90 110" 130 150 1700

SRc(fb(O)) -10.0 1.11 -.038 .341 .133 -.038 -.-026 -.048 -.01S

(6)) -2.93 -.984 .377 .3'S .360 .238 .073 .104 -,082

F



VI. PROPAGATION OF TRANSIENT SIGNALS IN PLASMAS

Air Force Cambridge Research Laboratories
Bedford, Massachueett&

INTRODUCTION

Most analyses of wave propagation in plasmas are based on'the

assumption of a monochromaiic w.ave. Although no real signals are

truly monochromatic, this assumption is often a very good one for

many applications. However, with the advent of very narrow pulses

an,2 extremely fast rise-times, the frequency spectra of certain signals

arc broad t-nough for a large number of frequency components to inter-

act -ignificantly with the plasma.1

The dispersive nature of a losslevs, isotropic plasma may be

seen from the simple dispersion equation

FEE

k~ U-

-wfieve k is the wave number, W is the angular frequency, c is the free-a

space velocity of light, and illis the plasma frequency. This dispersion 0

relation is plotted in Figure 1, where it is observed that no propagation

occurs foi frequencitu. below the plasma frequency. As the Crequency

increases above the plasma frequency the phase velocity decreases

E-fI
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from inf;nity toward c while the group velocity inertacseb from zero

toward c.

The response of a norumonoehromatic signal pr'opagating in a

di-spersive media can in principle be determined by a superposition

of all of the Four~lor frequency components, each of which propagates

according to Figure 1. If the frequency epectrum ins sufficiently arrow_

and peakhed about a carrier frequency w . then the rsignal may be treat-i
0

ed as a wave packet and the wave number k given by (1) may be expanded

in a Tavlor series about This technique has been widely used toj

determine the overall~ digradation of pulsed signals propagating in dis-

2-5
persive media. However, this anal/sis is not valid if the frequer.zy

DR:
spectrum is very braod and thus it cat, not be used for very short pulses,

for describing the initial arrival of the signal. or for analyzing with no

carrier frequency. YIn this paper these special cases will be discussed

by Eiolving the initial value problem of waves propagating in plaermas

using Laplace transform to-chniques I
EFORMULATION OF THE PROBLEML

Maxrwell's equations whit-h describe the propagation of electromag-

netic waves in an isotropic plasma are

curl

curl~ 3+
CO ()t

F?

_4

-----
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J v C3

acolliso feqencdy. teeuainofmto

fomc Wz sEnz.I we thn-k a~c rnfr ntm

of tEsequations N-4 and te lecro nubr eit alindtialcandeitive

equl to zero inte drectilyoban ise proquationgnthz-iein.W

I~ ~ ~ ~ ~~~Z a2a~ wrt h -onoen f E )a (t. Z) an. teLpaetas

21 1

We wqual to ero ermeal otetma epet )in the eqmiainfonit

M region z > 0 when the time response e(t. 0) is prescribed at z 0. The I
M solution of (5) may then be written

INE 3

AN-1
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Efa. Z) =Efe, O)eC-_ 5~(6

where Ef a, 0) is the Laplace transform of t(t, 0). The time response

Z(t, z) is then obtained by taking f-be inverse of (6). That is,

I~ t

If collisions can be neglected thtun (7) reduaces to

zC

st /s+ r NEDVt, Z) Efe. 0)'P ds. 8

Wesh1 investigate various solutions of (8) in the following two

ME sections. Equation (7) will then be inveatigated in order to determine

-~ the role which collisions play An the propagation of transient signals inIM
plasmas. Finally, reflections from a plasma-vacuum interface wll

~b ~considered.

-I _
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NUMERICAL SOLUTIONS FOR SHORT DISPERSION LENGTHS

There are very few initial transforms E(s, 0) for which the

-- 1inverse transform {8) is known. One exception is a unit step mag-

netic field at z 0 for which H(s, 0) = /s. From Maxwcl's equations

E1s, 1 -- H(s, )

Iso that

E(s 0) = 1 9)

Equation (8) may then be written as

I which, from tables is

0 0 <t</
e~t, z)(10)
0 -7

ii

, OJO t t> z/c

c

N o
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where J3(x) is the zero order Besse1 function of the first kind. Note

that no sigiial arrives prior to the time t z/c.

The solution (10) ib a damped oscillatory function waose frequency

approaches the plasma frequency for large tiries. The argument of the

Bessel fun-tion in (10) may be written as

Ic

If we define the "instantaneous frequency" of the oecillation by

-i d -dt, then from (11) we find that

(12) I_

Thus for early times (tZ z$c) the instantaneous frequency is very high

frequency also increases for larger plasma frequencies and longer dispersion

For ohrforms cf E(s, 0), the invertie transform (8) can not be

fouand from tables and alternate methods for evaluating the irtegval in (8) Ii
must be found. For the particular case of a step sine wave input the solutionI can be written in terms of a sum of Bessel functions 6-,which can bej

9-11
expressed in terms of tabulated Lommel functions,

I~ iZ
J-
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I' Integral colutions which may be evaluated numerically for short

dispersion lengths mTay be~ obtained either by contour integration or by
59, 1'1using the convolution theorem.In this seton we shl present

results obtained by use of tie convolution theorem.

The time response givehn by (8) may be written

E(t, ) a - E(s, o e (13)

Since, from tables 13

I+
I ,-i "- s2 "2  (. . . I

I1t -1 Zc~

7 V -t .i , - )<,-.i

where U(t - z/c) is the unit step function, we can, by using the convolution

theorem, write (13) as

S [t / 0 (14)

0) 2 ~C ,(n
I2c -' U-t ou ./<,.

=--C ~ .) -- --- . .. .. ,

-V
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IxI
tf a unit step Z field is turned on at z= O.then (14) becomes

INS

dt' (t, r) [

Tt V o-Z/C .

Equation (15) has been evaluated nmerically and the results are shown

in Figure Z. Note that the argument of Jin (15) is the same as (11) and

that the "instantaneous frequency" shown in Figure 2 is in accord with the

4iscussion following (12).

If a unit step-carrier sine wave is turned on at zx 0 then (14) can be I
written in normalized form as

-where:

T~) t W (1-
1 Z/C (7 iA

P irk
-10

MP

* BF9
W I

'MI
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) I.

Th2 results of numerical integration of (16) are shown in Figure 3.

Note that the instantaneous frequency of the first cycle is higher for

larger values of I o and woz/c. Also note that the envelope of the

osrillations bilds up more slowly as the plasma frequency II approaches

the carrier frequency w0 . Finally,we see that the peaks of oscillations

do not increase mor.otorically toward unity but rather oscillate about

tho value one.

For the over'dense case, P > 1, the waves are evanescent in the

steady state with an amplitude given by e 1 A value of lz Zz~~~P - I vleo~Z

corresponds to a propagation distance equal to one free-space wavelength-.

The response at 71 2 1 is shown in Figure 4 where the steady state values

E - of the evanescent waves are reached after only a couple of cyzles. On the

other hand, the response at 11 x 5,which is plotted in Figure 5,shows that the

amplitude of the oscillations is still xpuch larger than the steady state value

even after many cycles. Of course the steady state amplitude of the

evanescent waves decreases drastically as 71 increases. Note that the

instantane' us frequency of the last cycle shown in Figure Sb is still about

twice the carrier frequency.

In order to investigate the effects of a finite rise-r.me on the

dispersion of a carrier pulse, let

ON I (t,0 • [( -e = ° teioOt U(t) (18)

- t. 0 _ II_F. . . . . . . .. ..RI. - .
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II
If we substitute (18) into (14) and use (17) we obtain _

e~ ~~A TO '=in~~ 1

S(a 0 (
e-e- -P iu 4  I u ~ - 19)Z1

The results of numerical integration of (19) are shown in Figure 6 where the

envelopes of the oscillations are plotted for different values of a.

APPROXIMATE SOLUTIONS FOR LONG DISPERSION LENGTHS

For very long dispersion lengths (i. e., large values of ?I) the

numerical integration method described in the previous section loses its

usefulness. This is due to the fact that under these conditions it to necessar-

to take the difference of two very large numibers in order to obta _ a or-aEl

I number leading to possibly large errors. However, It is juast in this region

of very large 'q that approximate solutions to the transient propagation

-oImwr vr el We shall consider approximate solutions of Itse

integral in (8) for the propagation of a unit step-carrier zine wave.

The arrival of the signal wavefront at the time t z/c (r

has been analyzed by Sommerfel. If the integrand in (8) is expanded

for high frequenciesthen one finds that under the condition

I p
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2

the solution to (8) may be written in the formrlO1

£ 1,~=-i--'r~- J f4- fu() (211

I where

Ua2

I This solution is plotted in Figure 7. Note from the condition (20) that thic
Rf

solution is valid for Lines immediately following the arrival of the wavztront.

After this initial time period it is possible to use the saddlepoint

15, 16 hV
method of integration to evaluate the integral iu (8). This method is

based on the fact that if the contour of integration can be deformed throughVM'

the saddlepoints along the lines of steepest descent, then the major contribution

j to thc integral will result from integrating in the vicinity of the saddlepoints.

I If the second derivative with respnct to s of the exponent in (8) is sufficiently

I large then the saddlepoint solution will he a good approximation to the actual

I solution.

In the integral in (8) the location of the enddlepoints, found by

equating to zero the first derivative with respect to s of the exponent, are

FRI

I

nA
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given by

a i+ (23)

As tirne increaser, after the arrival of the wavefront the two saddlepointa

move in from + co along the imaginary axcis app-.oaching ±i H for long times.

0 7"These saddlepoirts and the paths of steepest descent through them are

shown in Figure S~.

The time interval from just after t 2z/c,until the saddlepoontzz ;.kproacx

the vicinity of the poles,is called the precurs;;r regiotL.. - i this region the

:1 saddlepont solution is given by 0

S(-r,'1 Ti) cos (P 12- + i/4) (24)

where

I(

I PZ
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Fig. 6 Oscillation envelopes for various finite rise -times of a

turn-on 'tine wave.
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Fig. 8 Location of the saddlepoints and the paths of steepest descent.M_
Saddlepoints move in from +ice and approach -i for long times.L
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4 80=ta 1  C(V) -S(V)

J 0 - + C(v)+S(v)

and

~V

C(v) Cos - -) dx

0

1 5(v) sin (t-x) dx

Sare the Fresnel cosine and sine integrals respectively.

The amplitude function A given by (Z8) is plotted as a function of v

in Figure 10 and will be referred to as a master JPresnel envelope. The

time history of the envelope (as a function of T) for a particular value of P

and 11 is determined by using (29) which acts like a "stretching factor"

and simply changes the abscissa scale in Figure 10. Note carefully thatjthe master Fresnel envelope has a value of 0. 5 at v 0, which corresponds

to T = z and is the time of arrival at the group velocity T =g , g"

:|In order to determine the time scale at which the ringing of the master

-resnel envelope occurs we note that on the v scale the ringing occurs forIi o v of the order Av- 1. Thus from (29) we see that the ringing

wil ocur n atime scale A t -/a.#where
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Fig. 9 Amplitude of the precursor solution.
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The solution (27) is based on an expansion of the exponent in

(8) in a Taylor series about sa +io. Only the first three terms in this

expansion are kept and this is justified as long as F

{/-7 .(i.PZ) >>l 1 (30)

This condition is based on the requirement that a large number of cycles

occur between the arrival of the wavefront at t z/ and the time of arrival

at the group velocity t a z/v We note from (30) that for times greater

r=F than t the soluion (27) will be a good approxim stioa for very large values

of TI, depending on the value of P. For values of P greater than .866 the I
coefficient of 11 in (30) decreases from .25 toward xero as P approaches unity.

Tecondition (30) therefore becom~es more and more difficult to satisfy.

This is due in part to the fact that the pole comes very close to the branch

point and the expansion fails in this region. This problem can be partially

9, 10 I
overcome by a suitable conformal tranabrmation w:alch will improve

the range cr validity of the solution for values of P very close to one (P > .99).

I The results of this section are summnarized in Figure 11 where the

__ total envelope response to a unit step-carrier sine wave input is plottad for

MEl

Mr

N'
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the particular case of P 0.8 and 100. This total su-ution is made up

- '.-of three separa'te parts. The first is the Sommerfeld solution for the

arrival of the signal wavefront. This is then joined to the precursor region

which is evaluated by the standard saddlepoint mithod. As the saddlepoint

approaches the pole in the complex s-plane this solution is then joined to

the master Fresnel envelope solution. Thi total solution then approaches

the steady state value of I for large times.

COLLISIONAL DAMPING OF TRANSIENT SIGNALS IN PLASMAS

In order to determine the effect of collisions on the envelope response

found in the previous section,we consider the integral in (7). For this case

I -the trajectories of the saddlepoints move off of the imaginary axis in the

complex s-plane. The arrival of the main signal occurs when the saddlepoint4 moves into the. vicinity of the pole. Since we are interested primarily in this

part of the solutionwe shall consider a modification of the pole expansion

- "of the previous section.

If a step-carrier sine wave of unit amplitude is turned on at t U0

then the solution given by (7) may be written

(t, X e ds (31)

I0

where

W(s, t) st - +-- 7 , (32)

*1

L
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! s.An approgirnte solution of (31) may be obtained for the main signal

-i build-up by expanding W(s, t) in a Taylor series about w The solution

16 -1-

imay be written in the formt.

iJ

--- ZI + er ((-i° 3)

where

W , (-i0o) -

6i o)~ - re "  (34)

and where 4b may be shown to be a poeiti-ve angle between 0 and 7/4.

The envelope of (33) is given by

I(,z)j Ie~f ) [ I- [+ erf 9,-iwo]

The exponential function, ew( - o), is just the attenuation which a steady E

state wave of frequency co suffers due to collisions. The remaining factor

can be written as U

3(I. 01 "e"
(35)-

v __ _ ,__ __G_ +IIr2i

MW
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I
___ where 0 * ,2 -x and we have used the relations

erf 8e - F(4-
iO

where z sie t re and

F(Z)u 5e"2 d
i(36)

utu(r. 0)+i [v(r, 0)

The function F(z) given by (361 is tabulated for complex argm ents.

The behavior of the function B(r, 0) given by (35) is shown in

= . Figure 12. The trajectory (r. 0) as a functilon of time depends on tbz

I collision frequency v. When v '= 0, e = 450 and the e-.velope solution ia

that given'by (28) with r equal to the argument (Z9). If v O',tLe angle 0

is not co stnt as time increases, but rather decreases 2ro 900 approaching

some angle between 45 and 90 asymptotically for large times.

I It is therefore seen that the effect of collisions is two-fold. Firvt,

the entire envelope is attenuated an amouat equal to the attanuation of

a cw wave with an angular frequency w Second.the "inging" of the

envelope is inhibited and quickly damps out.

:&2P i

i--_ _- __-J

a" -. -" . _--
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REFLECTIONS FROM A PLASMA-VACU (TM INTERFACE

An electromagnetic Gignal which ic reflected front or transmitted

through a pla;m.a-vacuum interface will be taspersed as a -eault of the

discontinuity ia the medium at the interface. Let a lossless, isotropic

platma occupy the half-space z > Oand free-apan:e occupy the half-space

z < 0. A wave iacident on the boqudary from th-) free space side will

give rise to a reflected wave in free space and a tran-mitted wave in the

plasma. Applying the boundary conditions by eqrating the tangential

components of the electric and magnetic fie" ds on either side of the

booundryone can readily obtain the coni-,lolx reflection coefficient

R as ['- 1 (37)] s- +11

If the incident wave is a step-carrier sine wave, then the reflected

signal at %ine boundary is given by

st

C (t) 7 -,1 +112 -d 2 (38
+j

13
Using the convolution theorem together with the expressior from tables

23 2 (it)

3- t
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(t -Zm e- dt (39) ~; i~

-EL

19, I0
we obt rtaini hscl enn irti iedea D e

us Fiue 13. refection efroien a perfet bydto is7 indied by theashe

or (delay ofsbtiue n 3) the n itiha cyclepin of the resuligeponsewihicessa lenlasa

I fre~~uncydreaes Thsbey ie a en icse yCe 1 n

D 2

Thu0) s titte int (3)te the saddlepoints of a coo the resulsting ixpncenase

they move inward along the real axis. At t Z 7A4 they merge at the origin to

-
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form a third order saddlepoint. For t > 2/fl they move along the

imaginary axis and approach the points d ill for lArge times. For timer

t <2/l the saddlepoints are located on the real axis and the solution is

nonoscillatory in nature, increasing monbtonically in the negative

direction. The oscillatory nature of the soluon occurs for t >Z/fl.

At t = 2/11 a transition occu-s between these two types of solutions. The

saddlepoints moving in along the real a-s, therefore, represent the

"delay" which occurs before the oscillatory natture of the solution can be-

gin. Unfor,.anately, the saddlepcint solutions are not good approximations

for this problem since the "heights" of the saddlepoints are not sufficient

for the integral t.' be evaluated except in the naighborhood of the saddle-

-points. However, the motion of the saddlepoints lenee insight into the

nature of the "delay time" as described above. I

CONCLUDING REMARKS

Two types of transient solutions occur depending upon the distance

the wave travels through the plasma. For short dispersion lengths (less

than a few free space wavelengths), exact solutions must be used. This

usually means some type of numerical integration procedure is required.

For long dispersion lengths (a very large number of irce space wavelengths),

Iapproximate solutions rni- be used with good accuracy. The wavefront of

the signal arrives with the velocity of lipht c. The signal then builds up M

slowly in the precursor region until the main signal arrives with the group

-i
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velocity. As the propagation distance in the plasma increases. thiv;jI precursor region becomes longer and the amplitude of thn signal in this

The nature of the dispersed signal can be divided into two catego'ries.

First the envelope of the signal beccms-s distorted. oscillating about the

steady state value. Second, the carrier frequency becomes phase modulated.

Wher th sad lep int meth d o in egraioncanbe u ed~he inst nta eou

freqencyof the dipre signal is equal to the frequency corresponding

totelocation of the saddhpolnt in the zs-plane at that instant f time.

Websthe envelope of the distorted signal is a critical function of the

envlop ofthe input signal, the phase modulation characteristic of the

dipre signal is primarily a function only of the nature k'; the dispersive

4lam medium. 
-
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